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ABSTRACT

The microstructure induced by the biaxial stretching of PET under conditions representative of the stretch blow-molding process enhances the material's mechanical
performance. Using equi-biaxial tensile tests combined with small-angle synchrotron scattering, the evolution of the deformation-induced microstructure can be
monitored in situ. This approach enables the characterization of the size and morphology of the crystalline phase, as well as the evolution of the degree of crys-

tallinity during stretching.

A constitutive model accounting for this microstructural evolution, based on a double homogenization of the viscoelastic behavior of the amorphous phase and the
quasi-elastic response of the crystalline phase, successfully reproduces the macroscopic mechanical behavior of PET, including its characteristic strain-hardening
during elongation. This modeling framework represents a significant advancement and provides a basis for extending the approach to other biaxiality ratios

encountered in industrial stretch blow-molding processes.

1. Introduction

The evolution of microstructure plays a decisive role in determining
the properties induced by uniaxial or biaxial stretching of polymers. As
shown by Luo et al. [1], a detailed representation of the spherulitic
microstructure enables accurate prediction of the elastic properties of
polyethylene terephthalate (PET) through mechanical homogenization.
In the case of PET stretch blow-molding, heating slightly above the glass
transition temperature (Tg) combined with high biaxial stretch ratios
significantly enhances the mechanical performance of bottles. This
strengthening effect, first reported several decades ago (see Chevalier
et al. [2]), has been consistently confirmed by various experimental
methods and measurement techniques [3-10].

Understanding the evolution of microstructure in order to deduce the
resulting material properties has remained a key research objective since
the early 2000s. Early studies, such as that of Prevorsek et al. [11], had
already proposed microstructural models composed of crystalline
lamellae connected by oriented amorphous regions. A major step for-
ward came in 1999 with the work of Mahendrasingam et al. [12], who
conducted and analyzed the first in situ uniaxial tensile tests under X-ray
beams, providing key insights into the thermomechanical conditions
leading to crystallization. Following this pioneering work, several au-
thors, including Marco et al. [13,14], Kawakami et al. [15], Okada et al.
[16], and more recently Quandalle [17], have performed in situ uniaxial
tensile experiments coupled with Wide-Angle X-ray Scattering (WAXS)
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or Small-Angle X-ray Scattering (SAXS) measurements under various
strain rates and temperature conditions. In addition, numerous post--
mortem analyses have been carried out on pre-stretched biaxial speci-
mens or on samples extracted from blown bottles to characterize the
induced microstructure. To the best of our knowledge, although several
in-situ biaxial stretching setups have recently been developed for syn-
chrotron applications [18,19], investigations combining in-situ X-ray
characterization with biaxial tensile deformation of PET remain limited
[20-22], particularly under large strain and high strain-rate conditions
representative of the ISBM process. This limitation is also highlighted by
Billon [23].

In parallel, the modeling of biaxial stretch blow-molding has been
the focus of extensive macroscopic investigations. As early as 1996,
Schmidt et al. [24] introduced the concept of a deformation-dependent
viscosity to describe the strain-hardening behavior observed during
stretching. This approach was later adopted and refined by Cosson et al.
[25] within a viscoplastic framework for PET, and subsequently
extended to a large-strain visco-hyperelastic formulation by Chevalier
et al. [26] and Luo et al. [27-29]. These developments progressively
incorporated anisotropy and thermo-mechanical coupling to capture the
self-heating phenomenon, often reaching 10-20 °C, and its strong in-
fluence on the material response during stretching. Building upon
Buckley’ glass-rubber viscoelastic model [30], several groups have
proposed advanced numerical implementations. In particular, Pham
et al. [31] and Mir et al. [32] developed elasto-visco-plastic constitutive
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models coupled with thermo-mechanical effects and PV-T relationships
to simulate the stretch blow-molding of PET preforms with improved
accuracy. Similarly, Marckmann et al. [33] introduced a finite-element
explicit formulation based on a dynamic visco-hyperelastic approach,
later adopted in many industrial simulations. More recently, the Belfast
group led by Menary and collaborators [34] implemented these
constitutive equations within Abaqus, combining strain-rate- and
temperature-dependent behavior with experimental validation through
free-stretch-blow trials [35]. Their most recent developments introduce
the neural networks to “learn” material behavior from extensive
free-blow experiments, as reported by Teng et al. [36]. However, despite
their substantial computational cost, these simulations can reproduce
realistic thickness distributions but fail to predict the induced mechan-
ical properties, except for a few fully interpolated models lacking
physical grounding, such as those described in Ref. [2] and more
recently in Ref. [28].

Recent constitutive models for semi-crystalline thermoplastics relies
on thermo-mechanically coupled finite-strain formulations, often
incorporating temperature-dependent material parameters and, in some
cases, evolving crystallinity [37,38]. These approaches primarily aim at
macroscopic response prediction under coupled thermal and mechanical
loading. In parallel, multiphase descriptions have been proposed to
represent distinct crystalline, amorphous, and interphase deformation
mechanisms [39]. While physically detailed, these formulations typi-
cally introduce multiple internal variables that are not directly identi-
fied from in-situ experimental observations. More recently, finite-strain
viscoelastic-viscoplastic frameworks have been proposed for thermo-
plastic polymers to capture time-dependent and irreversible deforma-
tion mechanisms [40,41]. These models are generally
phenomenological and do not explicitly link mechanical response to the
evolution of crystalline morphology during deformation.

Against this backdrop, the present work adopts a fundamentally
different perspective. Rather than introducing additional phenomeno-
logical internal variables or fully thermo-coupled constitutive laws, the
proposed framework is explicitly microstructure-driven and directly
informed by in situ synchrotron SAXS measurements performed during
equi-biaxial stretching of PET under conditions representative of the
ISBM process. The constitutive description is based on a two-step me-
chanical homogenization strategy that combines the viscoelastic
response of the amorphous phase with the quasi-elastic behavior of the
crystalline phase. The size, morphology, orientation, and degree of
crystallinity of the crystalline domains are experimentally quantified
during deformation and directly incorporated into the model.

Thanks to the biaxial testing device developed at the MSME labo-
ratory (see Ref. [42]) and the experiments conducted at the synchrotron,
the authors recently established a model of the final microstructure
which, through a two-step mechanical homogenization, enables accu-
rate estimation of the final elastic properties [43,44]. These properties
are measured on the tested specimens using digital image correlation
(DIC), a technique that has proved effective in many applications
[45-49]. Moreover, since the measurements are performed during
stretching, the evolution of the microstructure can be better understood
through the analysis of successive images.

In the present work, the term micro is used to refer to variables
related to materials physics, such as the degree of crystallinity, crystal-
line lamella thickness, and macromolecular orientation, whereas macro
refers to mechanical variables: stress, strain, and strain rate. Moreover,
the modeling scale of the microstructure adopted in this study corre-
sponds to a mesoscopic scale associated with the arrangement of crys-
talline lamellae (=100 [o\), which lies between the molecular scale
(=1 10\) and the specimen scale (=1 mm = 107 /o\). Building upon this
analysis, the present study proposes a multiscale approach model that
not only considers the conventional macroscopic variables (macro scale)
such as stress and strain, but also incorporates the evolution of micro-
structural parameters (micro scale). Consequently, the simulation pro-
vides access to the predicted final microstructure, which can then be
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used to estimate the induced mechanical properties.

Despite the large separation between the lamellar scale and the
specimen scale, this scale gap is sufficient to justify the analytical ho-
mogenization approach described in the following. This approach
demonstrates that the nonlinear mechanical response, often introduced
through explicitly nonlinear constitutive functions, naturally emerges
here from the evolution of the material morphology, while preserving a
formally “linear” formulation at each incremental step, i.e., with mate-
rial parameters treated as constants rather than as state-dependent
functions.

The paper is structured as follows:

e The “Materials and Methods” section presents the PET used in this
study, the optimized geometry of the biaxial tensile specimens, the
biaxial testing bench positioned on the SWING beamline of the
synchrotron. The strain rate and temperature conditions for the
tensile and relaxation tests, together with the characteristics of the
SAXS measurements are also detailed.

e The “Theory” section summarizes the results of the two-step ho-
mogenization approach in the elastic case (DHA, “double homo-
généisation analytique” in french) and justifies the simplifications
made for its adaptation to the viscoelastic case, which is then
developed and applied to the specific case of the equi-biaxial (EB)
test.

Finally, the “Results and Discussion” section presents the mechanical

response measured during the EB test along with the corresponding

SAXS patterns at different strain levels. The results are analyzed in

relation to the final crystallinity ratio determined by DSC. The in-

cremental scheme developed to iteratively simulate the material
behavior by sequentially updating the evolving microstructure and
the viscoelastic properties of the material is discussed.

2. Material and method
2.1. Material: PET sheets and biaxial specimen

The PET used in this study was provided by Polisan Hellas. Differ-
ential scanning measurements gave a melting temperature of 240-
250 °C. The recommended molding temperature is in the range 270-
290°C. The average molecular weight M, is 15000 g/mol. The PET
square plates (125mmx125mm) with a thickness of 4 mm were injected
at the PIMM laboratory. The tensile and density specimens were cut
from the plates using a ProtoMAX water jet-cutting machine. These
specimens are then machined in order to reduce the thickness of the
region of interest, as shown on the CAD illustration of the optimized
geometry (Fig. 1a).

The design criteria of the PET specimen used for biaxial stretching,
including its geometry, thickness distribution, and optimization for
ISBM-representative deformation paths, are detailed in Ref. [42]. As
described in Ref. [42], the specimen geometry is specifically designed to
localize deformation within the central region, where both the strain
and the associated microstructural evolution are concentrated in this
central area. The objective of the measurements is therefore not to
obtain a spatial average over the entire specimen, but rather to capture
the local evolution of the microstructure under controlled thermo-
mechanical conditions. Consequently, the microstructural changes
measured in this central region can be correlated with the local strain
history and directly used to inform the proposed microstructure-driven
modeling framework.

2.2. Biaxial elongation under synchrotron

The biaxial testing machine was designed, assembled, and tested at
the MSME laboratory around 2020 (Fig. 1b). Its primary objective was to
perform biaxial stretching tests with large strains, high strain rates, and
regulated temperatures. Additionally, the machine was designed to be
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Fig. 1. (a) Injected PET plates and CAD of the optimized specimen; (b) biaxial elongation machine and biaxially stretched specimen.

compact and portable, allowing it to be used in various environments,
including in-situ biaxial experiments under X-ray. The machine has a
height of 1.2m and a width of 1.0m, weighing approximately 200 kg. It
features four drives (CMMP-AS-C5-11A-P3-MO0) controlling four motors
(EMMS-AS 100-M-HS-RMB), each connected to an electric actuator
(ESBF-BS-63-100-10P) from FESTO. These actuators allow independent
tension or compression at speeds of up to 530 mm/s, with a maximum
elongation of 200 mm via two face-to-face actuators, making the system
suitable for tests similar to the stretch blow molding process. The
cruciform specimen is mounted to the four independent Festo actuators,
which are controlled by LabVIEW software using the Modbus TCP/IP
protocol. This software not only manages the actuators but also acquires
data from the force sensors installed between the actuators and the
specimen grips. Heating is achieved through convection using a 3400 W
heat gun with a maximum air flow of 8001/min at 300 °C. A deflector
ensures uniform temperature distribution across the specimen without
direct exposure to the heat source. An IR camera (FLIR B250) measures
the temperature distribution during the process. Additionally, a high-
speed camera is used to capture images for Digital Image Correlation
(DIC) analysis.

2.3. SAXS measures

SAXS measurements are carried out on the SWING beamline at
Synchrotron SOLEIL. The wavelength A is 1A and the measurement
domain is limited to the angle defined by h/D, where h =80 mm is the
half-height of the receptor and D = 3300 mm is the distance between the

20=1.4° ( |-
2x80 mm

[/

Receiver

¢ 3300mm ———————*

(a)

specimen and the receptor, as illustrated on Fig. 2. This leads to a small
angle range of 20 equal to 0.024rad or 1.4°. Following the classical
definition, the magnitude q of the scattering vector is given by:

a=2sin(0) W
i
we obtain 2D patterns on a picture, where g varies from —0.15 A~! to
0.15A7! in both directions. It should be noted that the specimens are
placed in the biaxial apparatus at an angle of 45° relative to the hori-
zontal direction.

3. Theory

We propose here to use the Laplace-Carson transform in order to
adapt the analytical double homogenization scheme developed for an
elastic model to the viscoelastic case, which corresponds to the behavior
of polymers above their glass transition temperature. The principle of
this equivalence is detailed in the appendix, and it allows us to apply to
the relaxation function tensors [C4(t)] and [Cc(t)], corresponding
respectively to the amorphous and crystalline phases, the same formulas
as those developed for the elastic homogenization problem. Before doing
so, we will examine these relations for the sake of simplification.

As detailed in Refs. [43,44] and recalled in appendix A, we have
proposed a framework, illustrated on Fig. 3. It can be shown that most of
formulae are identical to mixture rules for parallel or series structure.
Thes simplification will be used in our viscoelastic homogenization.

A\

Biaxial PET specimen /‘ //x'

X

(b)

Fig. 2. (a) Geometrical characteristics; (b) SAXS figure and specimen principal axis disposed at +45°.
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3.1. Tensor of relaxation functions

Thanks to the Laplace-Carson transform, the viscoelastic behavior of
each phase may be written in the following way:

3(p)=[C"P)E(p) and 7 (p)=[C’(P)E () @

where o (p) and ¢ (p) are respectively the transformed stress and strain

tensors in each phase. [Ea (p)] and [E‘C(p)} are the transformed relaxation
function tensors of the amorphous and crystal phases. We assume the
first is isotropic while the last is transversally isotropic around the 2-
axis. We also choose a unique relaxation times 6, and 6. respectively

of the amorphous and crystal phases. Thus, each relaxation function in
the natural space writes:

C;j*(t) =Cy" exp(—t/ 6,) and Cyj°(t) =C; exp(—t/6,) 3
And transforms as follow:

~ a _ HaCij‘lp ~ C _ 0CCi]~°p

Cj (p)f1 T Op and Cj; (p) = 116, (€)]

Considering the previous section, three cases are to be studied. The
first concerns the components Cq1, C33, C13 and Css and is straightfor-

ward thanks to the linearity of the Laplace-Carson transform. These
terms write:

Cit'(t) = 2,C;® exp _t + a.Cy exp _t
64 0,

c

(5)

with o, = 1-a.. The homogenized component appears to be a two-mode
Prony series. The components Cag, C44 and Ceg can also be treated easily

@) = Ci1™ cos* @ + Cy," sin® @ + (2C1," + 4Cg6™) cos? @ sin® @
Ca2(9) = Ci” sin* @ + Cz," cos® @ + (2C12" + 4Ce6™) cos? @ sin® @

Caa(@) = Css” sin® @ + C44® cos® @

= Css™ c0s? @ + C44” sin® ¢

)

Cos(9) = (Ci1™ + Cp — 2C1,") cos? @ sin® ¢ + Cos™ (cos? @ — sin? @)°
) = (Cuu™ + C22™ — 4Cg6™) cos? @ sin® @ + C12” (cos* ¢ + sin* @)
)

C]g((p = Clgbi COS2 (0] + ngbi SiIl2 ¢
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1
G = g
~ a + ~c
, Ci Gy
Ci®(t) = Cy* exp <79—) > ~aaa LLCC )]
“ o G G
e — T, ac

0.C;  0.Cy

Finally, thanks to the simplification of the numerator of the expres-
sion of Eq. (8), the last terms C;5 and Cay3 also lead to a decreasing
exponential function that is proportional to the C3; component:

~C ~a
aEC12(p)+aaC12<p)
~C ~a
C C Cio° Ci2"\ o bi
A0 T (o885
AC_‘+M_“ Cx Co
Cp() Cxn)
Cr*

) ) Cio°¢ )
=CpRP () = CpsPi () = (acl—zc + aa—a> Cy."(0)
C22 C22

Ciz ()= Cas (p) =

®
After this first homogenization step, six relaxation moduli must be
determined from the amorphous and crystal behavior. Among them,
three (CY) = C8, C%, and C) involve the two relaxation times 8, and 0.
In contrast, the remaining three (C%, = C%, C%,, and C¥, = C%) involve
only a single relaxation time each, which is neither that of the amor-
phous phase nor that of the crystalline phase. It is worth noting that the
relaxation time of C%, or C8, is identical to that of C..

The rotation step leads to linear formulae and are not transformed by
the Laplace-Carson transform:

)]

The second step of homogenization will be presented in the next
section, for the particular case of equi-biaxial elongation.

Cs(¢) = Cz3" cos” ¢ + C13" sin’ ¢
C16((p) = (Cllbi - Clgbi - 2(:6(,“)(3053 (O] sin ¢+ (C]zbl - ngbi + 2C66bi)COS (0] SiIl3 ()
Coe ((p) = (Clgbi - ngbi + 2C66bi)C053 () sin ¢+ (C]]bi - Clgbi - 2C66bi)COS () SiI‘l3 ()
i ®
y Y aacijc + aECUG p+ qCij°0c+acCij*6a
Cij b)  Cy () Oa0c (aaCi+acCy)

Thus, the inverse Laplace-Carson transform leads to a decreasing
exponential function:

3.2. Application to EB case

In the equi-biaxial case, at each time step, the only non-zero stress
increments are doy, and doyy,, both denoted do; all other components
vanish. On the strain side, the in-plane strain increments are de,, and
deyy, denoted de. According to the incompressibility condition, de,; = —
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3

Superposition of the layers rotated
about the 3-axis

d(p)=d, cos’ p+d, sin’ @

Fig. 3. Two steps homogenization framework.

2 de, and there is no angular distortion. For the incompressible case, the
stresses are defined by:

L

=X -—pl (10)

where X is the deviatoric stress tensor and p the hydrostatic pressure
associated with the incompressibility condition. This implies:

do=dx — dz,, an

In the Laplace—Carson space, the two extra stresses are linearly related to
the strain increment by:

PET -~ PET PET
)dé PE

c +C —2C .~ PET ~
(g PE 2 N PET };"dﬂ = (Cn +Cr2

s = (
~ T -~ PET ~ R
z 13 +Cx —2Css )dé‘

dzz:

Hence, it is not necessary to develop all the terms of the homogenized
tensor [C"ET], but only the four components appearing in Eq. (12). Recall
that, for a stack of N identical layers rotated by an angle 27/ N, the
relations obtained for the second homogenization step are:

N ~ o
Cis
o PET 1 Sa s i o~ PET 1 e s i~ PET i:ZIAmwAPET
11 :*E Cn ,Ci2 —*E Cip ,Ci3 = , a3
N = N = 1
Y=
i=1 Ca3
1
- a3
1 1
N

Since the components no longer depend on the rotation angle ¢;, these
relations simplify and can be written in the natural coordinate system as:

Cu™ (1) = 0.375(Ci ' (t) + Co2™ (1)) + 0.125(2C1," (t) + 4Cs6™ (1))
C12™ = 0.125(Cy1" (t) + Cao” (t) — 4Ce6" (1)) + 0.75C1," (1)
Ci5"" = 0.5(C13" (1) + C2s" (1))

C33PET(t) _ ngbi (t)
(14)

The numerical coefficients result from the averaging of sine and
cosine products raised to various powers in Eq. (9). The expressions of
the components Cg."(t) are given by Egs. (5)—(8); all are decreasing
exponential functions. Thus, the relationship between do and de in the
natural coordinate system can be interpreted as a Prony series consisting
of four spring-dashpot associations in parallel, each corresponding to
one relaxation time:

01 =046 = 0., 0m = 03,0y = O (15)

The associated moduli are obtained by grouping all terms that share
the same relaxation time, recalling that Ct, = Ct, and C%, = CBi:

-~ PET

T 4613PET+2C33 )de 12)

CPET(t) — C11PET(t) + C12PET(t) _ 4C13PET(t) + 2C33PET(t)

) , ) ; 16
= 2.5C11%(t) + 0.5C" (t) — C1o% (£) — 2C15P (1) (16

where it can be seen that the term CE vanishes, thus reducing the series
to three terms (Fig. 4), with the corresponding modulus given by:

)

PET
(o2 Cy o, o
1 | >
PET
Cur O

WA

Fig. 4. Illustration PET behavior during equi-biaxial elongation modelled by a
Prony series with 3 branches.
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Fig. 5. Equi-biaxial elongation and relaxation of the PET specimen under X-ray beam.

CfET = (1 — ac)(Z‘SCn“ — 2C]3a)
CHET = ,(2.5C1;1¢ — 2C15°)

PET __ Cl2c C.12a eq
CIII =(05—- A — (1 — (XC) a sz
C22 C22
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3.3. Coupling between microstructure and stress

To complete the description of how the microstructure influences the
material behavior, it is also necessary to describe how the stress
generated during deformation affects the microstructure itself. To this
end, we use a modeling approach derived from the Avrami model
[50-52], originally developed for isothermal crystallization and later
extended by Nakamura et al. [53]. Other authors, including Hieber [54]
and Pople et al. [55], proposed incremental forms of this model in order
to successfully simulate crystallization during temperature variations:

k(1) (An(1 - ) as)
where y is the reduced crystallinity ratio, defined as the ratio between
the degree of crystallinity at time t and the maximum possible crystal-
linity for the material considered.

This differential form has already been used in several studies on
PET, notably in Refs. [56-58] by some of the present authors, in the
context of thermal crystallization.

When mechanical effects drive both molecular orientation and
crystallization, the Avrami factor k can be made to depend not only on
temperature but also on the strain ¢ or strain-rate ¢ or more globally, on

the applied stress o: the higher are theses variables, the stronger its
driving effect on crystallization.

We therefore seek a simple stress-dependent relationship k(e, ¢, 0)
capable of accurately representing our experimental results: both the
material behavior and the evolution of the microstructure.

4. Results and discussion
4.1. Biaxial tensile test results

Fig. 5 summarizes the results obtained from the equi-biaxial tensile
tests conducted using the biaxial machine under the synchrotron beam
Swing at Soleil. The test was performed at 95 °C, with a tensile speed of
10 mm/s applied to each grip. DIC measures show that the 100 mm
elongation is heterogeneous and leads to a maximum nominal strain of
1.7 in the center of the specimen. The mean strain rate is then equal to
0.34 57! and is relatively low compared to the stretch blow molding
process. This limitation is related to the current configuration of the
biaxial testing device, which was initially optimized for in-situ syn-
chrotron measurements rather than for achieving extreme deformation
levels and strain rates simultaneously. Nevertheless, it is sufficient to
clearly observe the typical strain-hardening effect of stretched PET and
to capture enough SAXS images to follow the morphology evolution. The
biaxial stretching apparatus is currently being upgraded, and several
design improvements are under development to enable both larger
attainable strains (>3) and higher strain rates (>5$’1). These de-
velopments will be the subject of future work and are expected to extend
the experimental window of the present approach.
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Reduced crystallization ratio y (-)

Time t (s)
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Fig. 6. Equi-biaxial elongation and relaxation of the PET specimen. (a) spots are experimental data, the curve is a simple Maxwell modeling without incremental
adaptation of the morphology; (b) evolution of the reduced crystallinity ratio based on the simple linear dependence with the stress (see section 4.2).

One can see that a periodic crystallization of the material begins at
approximately 4 s (80 mm of elongation), coinciding with the middle of
the strain-hardening regime. This regime is strongly related to the
reinforcement of the material due to the orientation and/or crystalli-
zation of the polymer. A non-uniform change in morphology can be
observed, as evidenced by the intensity of the circular SAXS halo, which
is higher in the X direction. At 5s, the elongation stops, and the relax-
ation phase begins: the stress reduces while the intensity of the circular
halo stabilizes. From 6 s to the end, the SAXS pattern does not change:
the uniform circular shape remains, indicating an isotropic distribution
of the morphology in the X,Y plane.

This morphology is composed of a regular crystalline lamellae dis-
tribution linked by an oriented amorphous phase. One can observe that
the intensity of the halo, higher in the X direction than in the Y one at the
end of the elongation, gradually becomes more uniform. This uniformity
is likely the result of the rotation of the crystalline lamellae around the Z-
direction, still possible while the temperature is high enough and driven
by unbalanced thermodynamic forces. This mobility can be justified in
light of the works by Refs. [12-16], and more recently [17], which show
that crystallization develops both during stretching and during relaxa-
tion. Chain mobility is therefore sufficient even at temperatures rela-
tively close to T. It should also be noted that several studies [27,29]
report a temperature increase of about ten degrees or more during
stretching due to viscous dissipation, which leads to self-heating. The
other possible explanation for the decrease in SAXS intensity would be
that stretching along the X direction “breaks” part of the periodicity
along Y, which appears physically unlikely.

The maximum of the intensity peaks appearing between 4.2 and 4.8 s
is positioned at g, =0.07 A™!, indicating the interlamellar spacing is
equal to dy~90A. DSC measures performed on the final specimen
indicate the ultimate crystallinity ratio of 42%. We restricted our anal-
ysis to the determination of the long period d of the periodic distribution
of crystalline lamellae. In principle, the thickness . of the crystalline
lamellae can be determined from SAXS data by analyzing the slope
discontinuities of the correlation function y(z). Consequently, the
determination of the amorphous layer thickness [, and of the volume
crystallinity a. is straightforward. However, this approach is highly
sensitive to noise and did not yield results that were consistent with our
experimental data. Another method was also considered, the lamellar
stack fit approach; however, the results obtained were again not
conclusive. Specifically, fitting performed with a fixed long period
d yields crystalline lamellar thicknesses [, that decrease during stretch-
ing, whereas a monotonic increase in the degree of crystallinity would
be expected.

From the force-displacement curve, it is possible to provide the

Initialization: «=0.0001,
=0 and amorphous C"FT, 6,

Ae=¢ At

Calculation of Ac 2 ©
Eq.19

Incremental Avrami like formulae

Calculation of Aa, =2 o,
£q.20

£ At

Viscoelastic DHA

Ae

Updating Gt and 6,
Eq.17

no

yes
End

Fig. 7. Incremental simulation of the equi-biaxial elongation test.

stress-time curve plotted on Fig. 6a, where the initial part highlight a
classical Maxwell behavior that evolves with a strain hardening effect,
characteristic of the PET behavior in elongation. After 5s, the stress
decreases during the relaxation step but does not appear to decrease to
zero.

4.2. Incremental modeling of the EB test

The rotation of the lamellae and the correction of the initial in-plane
anisotropy arise from two main effects: (i) specimen imperfections,
which allow deformation to develop preferentially along the Y direction
before the X direction, and (ii) structural hardening, which progressively
rebalances the deformation between the two directions. The evolution of
the lamellar periodicity, in contrast, is likely associated with a certain
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elastic response of the stretched amorphous phase. In the first case, this
deformation imbalance cannot be explicitly modelled. In the second
case, the effect was neglected in the present work as a first approxima-
tion, but it remains an important aspect for future investigation.

In practice, at a given instant t, where the stress o(t;) is known, the
stress increment Ac can be calculated by summing the three partial in-
crements Aoy + Aoy + Aoy, each obtained by solving the Maxwell law in
its differential form:

i

. . it .
0+ 06, =0,C ™ e Ao = <CiPET€(tn) —#> At for i=LILIT  (19)
By summing these three contributions, the stress o(t,;;) can be
evaluated. Next, the crystallinity ratio is updated considering the in-
cremental form of Eq. (18):

J=nk""(1 - )(~In(1 - 1))" " 58y = nk(e)""(1 - z)(~In(1 - 1))" At
(20)

Then, the analytical viscoelastic double-step homogenization (DHA-
VE) is applied to update the moduli and relaxation times. This step is the
most important in the iterative process described in Fig. 7 (highlighted
box), as it will lead to the observed strain hardening effect. At this stage,
two questions remain to be addressed:

1. How should the initial relaxation times of the two phases, as well as
the initial moduli Cy3, Ca2, C12 and C;3 of the amorphous and crys-
talline phases, be selected?

2. What functional form should be chosen for the Avrami factor k
(¢,€,0) as a function of stress?

For the equi-biaxial test carried out under synchrotron radiation, an
average strain rate of 0.34 s~! was applied, kept constant for 5s, and
then set to zero, while a total strain of 170 % was maintained for a few
additional seconds. The crystallinity ratio was zero at the beginning of
the test and evolved such that significant crystallization appeared after
3.6 s, reaching saturation around 6 s.

Thus, by choosing for example, a simple linear relationship for the
Avrami factor, k(c)=a,.6/69, where 6o=1MPa, one can use the
experimental stress data (red points in Fig. 6a) to obtain the predicted
curve (Fig. 6b) with a, = 0.0027 s~3MPa L. This provides an answer to
question 2, but others are possible as we will see in the discussion
section.

Distinguishing between the respective contributions of the oriented
amorphous phase and the crystalline phase to the reinforcement asso-
ciated with the morphological changes of the material is a complex

Stress o (MPa)

0®
0

2 4 6 8
(a) Time t (s)
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issue. The orientation of polymer chains in the amorphous phase is an
important factor to consider at room temperature, whereas above T the
chain mobility becomes sufficiently high for the assumption of isotropy
to remain adequate to obtain reasonable orders of magnitude. Conse-
quently, we consider an isotropic behavior for the amorphous phase.

Regarding the initial behavior of the amorphous phase, its elastic
modulus E, and relaxation time ¢, can easily be evaluated from the slope
and curvature at the beginning of the stress-time curve (Fig. 6a), since
the strain rate is constant. This yields to E, = 8.25 MPa for v, = 0.4 and
6, =0.90s.

The crystalline phase is stiffer than the amorphous phase and clearly
anisotropic. It is therefore considered quasi-elastic (in practice, using a
very large relaxation time is used, 6, = 10%s), with its moduli derived
from the elastic stiffness tensor [C.] at ambient temperature T,, taken
from the literature [59]. These moduli are scaled by a global
temperature-dependent factor f.(T°), such that:

[C(T?)] =fe(T?) x [Ce(Ta)] (21a)
With:
7070 5070 5460 O 0 0
5070 118000 5070 O 0 0
5460 5070 7070 O 0 0o |.
[C]= 0 0 0 1620 0 o |inMPa (21b)
0 0 0 0 1120 0
0 0 0 0 0 1620

This amounts to determining the scaling coefficient f, at the test
temperature. For f. (T =95 °C) = 0.0045, the resulting curve is shown in
Fig. 8, where the following observations can be made:

(i) The tensile phase is well represented, both in terms of curvature
and peak level;
(i) The initial part of the relaxation phase exhibits a correct slope;
(iii) The stress does not return to zero, indicating a residual elastic
component;
(iv) The overall relative deviation from the experimental data is only
0.13%, which is remarkably small.

4.3. Discussion on influence of temperature and strain rate

It is necessary to verify the consistency of the model with known
experimental results beyond the EB test performed under synchrotron
radiation. To this end, we use results obtained from a series of tests
conducted in the MSME laboratory on the same biaxial testing device
and using identical specimens [42]. The three temperatures and the

N o o
iN o e

o
N

Reduced crystallization ratio y (-)

Time t (s) (b)

Fig. 8. Experimental data and identified DHA-VE model. (a) stress versus time model (continuous line) compared to experiment data (dot); (b) reduced crystallinity

ratio versus time.
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Fig. 9. Stress versus strain plots for equi-biaxial elongation tests at different temperature and velocity, experimental data from [42].

Table 1
Moduli and relaxation time identification from the beginning of stress-time
curves.

T=90°C

V (mm/ £ Initial slope Inflexion stress 0, (s) E,

s) s (MPa/s) (MPa) (MPa)

25 0.47 23.1 2.75 0.12 24.55

100 2.25 100 3.75 0.04 22.22

200 4.68 150 4.5 0.03 16.03
Mean values 0.06 20.93

T=100°C

25 0.44 10 2.25 0.23 11.36

100 1.8 41.2 2.49 0.06 11.44

200 4.36 76.1 3.24 0.04 8.73
Mean values 0.11 10.51

T=110°C

25 0.32 6.25 1.5 0.24 9.77

100 1.73 22.7 2.09 0.09 6.57

200 3.82 34.2 2.34 0.07 4.48
Mean values 0.13 6.94

three strain rates were chosen based on the values used in the biaxial
stretch blow molding process. The preform, which is subsequently
transformed into a bottle, is stretched above the glass transition tem-
perature, typically within the temperature range of 90 to 110 °C. The
strain rates generated during blow molding are high, on the order of 10
to 50 s}, and the process induces tensile strains of approximately 100 to
300% in both the longitudinal and circumferential directions of the
bottle. The following tests conditions are supposed to reproduce these
conditions as closely as possible. The series referred to in Fig. 9 was
conducted earlier as part of a previous study. At that time, tests were
performed at 90 and 100 °C, but unfortunately, not at 95 °C.
The following observations can be made:

1. The maximum stresses decrease progressively as the temperature
increases;

2. All curves exhibit a strain-hardening effect as the deformation
increases;

Table 2

Parameters of the DHA-VE model identified from EB tests at three different
temperature, using the full set of three stretching velocities for each
temperature.

T (°C) E, (MPa) 0, (s) fe a be

90 7.83 0.992 0.125 0.04 0.016
100 4.609 0.989 0.0402 0.04 0.016
110 3.315 1.407 0.0031 0.04 0.016

3. Except for the curve corresponding to V=25mm/s and T=110°C,
the strain rate effect does not clearly appear on the stress-strain
curves, which implies a weak and nonlinear contribution of the strain
rate.

From the duration of the tests and the maximum strain, one can
evaluate the mean strain rate, that varies from 0.3 to 4.7 s~1. We can
apply the same methodology as before: based on the stretching duration
and the maximum strain, we determine the average strain rate during
the test. Using the ratio between the stress at the inflection point of the
curve and the initial slope, we can deduce the relaxation time and then
calculate the amorphous modulus E, from the slope and the strain rate.
The resulting values are given in Table 1.

It can be seen that, for a given temperature, the modulus values vary,
but the most significant variation concerns the relaxation time, which is
much higher for the 25mm/s strain rate than for the other two.
Nevertheless, the averages calculated for each temperature remain
within consistent orders of magnitude and will be used as initial esti-
mates in the identification process. The modulus decreases with tem-
perature, which is a classical tendency, whereas the relaxation time
increases, indicating an increase in viscosity: this behavior is less
classical.

Starting from these initial values, we perform a minimization of the
discrepancy between the experimental data points and the results ob-
tained from our incremental simulation. Several simple functional forms
were tested to model the mechanical influence on the Avrami coefficient
k. A linear dependence on stress, as proposed in Eq. (21), is the most
straightforward assumption:

o

2D

k(o) =a, < ) with 6o =1MPa

0o

The parameter a, may vary with temperature and must therefore be
identified together with E,, 6,, and f. for each set of curves. The difficulty
of this modeling approach lies in the strong coupling between the pa-
rameters, since the stress depends both on the constitutive behavior and
the microstructure evolution. Consequently, this formulation can easily
lead to divergence.

A dependence on strain rate alone does not correctly capture crys-
tallization, which continues during the relaxation phase, and a depen-
dence on strain alone is inconsistent with the observed competition
between test duration and crystallization kinetics. Therefore, we select a
simple function involving two parameters, a, and b,, accounting for both
strain and strain rate, to be identified:

k(o) =a, (5> b, (i) with é =15~ and & = 1 (22)

€o €0

To fit the different curves, we start from an initial estimate of the
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Fig. 10. Stress versus time plots for equi-biaxial elongation tests at different temperatures and velocities, as predicted by the DHA-VE model, together with the

corresponding reduced crystallization ratio.
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Fig. 11. Evolution of the DHA-VE model parameters versus temperature.

amorphous moduli and of the parameters a, = 0.04s™! and b, =
0.016 s7!, obtained from the 95°C synchrotron test curve, for which
relaxation data are available. We then minimize the deviation by
adjusting E,, 0,, and f, for each temperature, using simultaneously the
three stretching velocities at that temperature. The resulting parameter
sets are summarized in Table 2.

The curves shown in Fig. 10 represent the stress evolution over time
predicted by the DHA-VE model during the biaxial tensile tests per-
formed at different temperatures and strain rates. Each tensile loading
stage is followed by a relaxation phase extending up to 6s.

It is interesting to note that the curves corresponding to the lowest
strain rates do not fully relax to zero stress, at least for the two lowest
temperatures. This behavior is most likely due to the fact that

10

crystallization progresses more extensively during the tensile phase,
making the material significantly more elastic. This effect is primarily
associated with Branch II of the Prony series, which is associated with a
very long relaxation time. At 110 °C, the corresponding modulus Cyy is
small, and therefore the residual stress also remains very low.

Below the stress curves, the evolution of the reduced crystallinity
factor is plotted on the same time axis. It can be observed that crystal-
lization progresses very little during the tensile stage for the highest
strain rates (100 and 200 mm/s), and develops almost exclusively dur-
ing relaxation. Because crystallization kinetics are slower during this
relaxation phase, the stress almost fully relaxes to zero for all
temperatures.

Three particular cases should be highlighted, confirming the
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Fig. 12. (a) SAXS measurement during a EB test at 95 °C for a high velocity (V=100 mm/s); (b) Stress versus time plots for EB test at 95 °C and V =100 mm/s, as
predicted by the DHA-VE model; (c) the corresponding reduced crystallization ratio.

difficulty of
measurements:

reliably interpreting post-mortem crystallinity

(i) at 100°C, the highest final crystallinity corresponds to the
highest strain rates;
(ii) at 90 °C, the crystallinity curves for 100 and 200 mm/s cross at
the end of the tensile stage;
(iii) at 110°C, the crystallinity curves for 100 and 200 mm/s are
almost superimposed.

More precisely, at 90° and 110 °C, the curves obtained at 100 mm/s
and 200 mm/s are very close. A clearer distinction between the three
cases would likely require an intermediate stretching speed between 25
and 100 mm/s. Nevertheless, a careful examination of the black and
blue curves suggests that they are reversed compared to the velocities at
90 °C and nearly identical at 110 °C.

11

Fig. 11 illustrates the values listed in Table 2, where interpolated
values for the case T = 95 °C, corresponding to the test performed under
synchrotron radiation, can be clearly visualized. It can be noted that
these values are very close to those identified in the previous section,
which confirms the consistency of the proposed modeling approach and
supports the relevance of the conclusions discussed above. Using these
parameters leads to a good representation of the experimental data in

im. —0

. . 1 |osim. —6exp. | -
the tensile step, the relative error Moy Zexp_me computed inde-

pendently for each temperature set, which remains below 15%.

To complete the validation and the discussion, we consider the
additional test shown in Fig. 12. It is an equi-biaxial test carried out at
the synchrotron at a higher loading rate. The competition between the
characteristic crystallization time and the strain rate is further
confirmed, the SAXS images reveal no periodic crystallization on
Fig. 12a.

As shown on Fig. 12b using parameter identified in Table 1 leads to a
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nice representation of the stress versus time evolution. Fig. 12c shows
that the reduced crystallization ratio is only 5% at the end of the biaxial
tension and continues to develop during the relaxation phase. But since
(i) the test was stopped after 1s and (ii) the temperature had already
begun to decrease, no periodic crystallization could be detected on the
images acquired that day, including the one recorded 60s after
unloading.

DSC measurements were performed at ambient temperature on the
sample used for the test Fig. 12. It shows that the specimen is also
crystalline, 39% in volume, despite not exhibiting a periodic structure.
Probably, the rapidity of the test does not allow sufficient time for the
macromolecular chains to organize into lamellae during stretching, and
crystallization occurs almost entirely during relaxation. At that moment,
the material is biaxially stretched and the stretched chains do not have a
preferred orientation within the plane. As a result, crystallization occurs
in a dispersed manner through a multitude of crystals with an almost
cubic geometry, as shown in Refs. [13,14].

5. Conclusions

This work proposes a macroscopic description of PET behavior
during equi-biaxial stretching that explicitly couples viscoelasticity and
strain-induced crystallization. Starting from an elastic double-
homogenization approach, we extended the formulation to the visco-
elastic case by using the Laplace-Carson transform and representing the
equi-biaxial response with a reduced Prony series. The crystallization
kinetics were introduced through an incremental Avrami-type law, in
which the coefficient depends on both strain and strain rate.

The model parameters were first identified from an equi-biaxial test
performed under synchrotron radiation at 95 °C, for which the micro-
structure evolution was monitored in situ by SAXS and the final crys-
tallinity was measured by DSC. The same framework was then
confronted with a broader series of biaxial tests carried out in the MSME
laboratory at 90, 100 and 110 °C and at three stretching velocities. Using
a limited number of temperature-dependent parameters, the DHA-VE
model reproduces both the strain-hardening behavior and the delayed
crystallization occurring mainly during the relaxation phase. The trends
obtained for the amorphous modulus, relaxation times and crystalliza-
tion factor with temperature are consistent with independent identifi-
cations, and the overall discrepancy between simulations and
experiments remains below about 15 %.

The analysis of the simulated curves also clarifies several features
that are difficult to interpret from post-mortem measurements alone, in
particular the non-monotonic influence of strain rate on the final crys-
tallinity and the persistence of stresses during relaxation at low
stretching speeds. The model thus offers a coherent framework linking
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process conditions, microstructure development and mechanical
response, and can be used as a tool to interpret existing experiments and
design new test campaigns.

Future work will focus on extending the approach beyond equi-
biaxial loading. Constant-width (CW) tests and non-equi-biaxial (NEB)
tests on the same biaxial bench will be particularly useful to probe
anisotropic orientation and crystallization. Incorporating explicit de-
scriptors of molecular orientation, together with a refined description of
crystalline morphology, should allow us to upgrade the model and move
towards a unified prediction of both microstructure and mechanical
properties under realistic bottle-blowing conditions.
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Appendix A. From elastic DHA to viscoelastic DHA, primary consideration

As detailed in Refs. [43,44], we have proposed a framework, illustrated on Fig.A.1, to represent the elastic behavior of PET at ambient temperature
after a large biaxial elongation. It consist of a stack of crystalline and amorphous layers, with their respective proportions defined by the crystallinity

ratio, a.
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Fig. A.1. Two steps homogenization framework.

The analytical formulations assume that the layers are infinite in directions 1 and 3 and are stacked along direction 2. If each phase is transversely
isotropic with its axis of symmetry along direction 2, then the resulting multilayer structure is also transversely isotropic about the same axis.
Consequently, several components of the elastic stiffness matrix [C] are identical. As a result, only six independent stiffness coefficients Cj; need to be
determined, instead of nine for a fully orthotropic material. The expressions of components Cyy (Eq. (Al)), C44 and Cgg (Eq. (A1b)) correspond to
mixture laws representing series-type associations of stiffnesses, where the deformations are additive and the compliances (the inverses of stiffnesses)
sum up. The effective stiffness in these cases is therefore expressed as:

; 1
Co i m (Ala)
Co ' G
bi bi 1
Ca" =Cos =70y (A1b)
Cla Cla

Conversely, the component Css corresponds to a parallel-type association of the phases, in which the stiffnesses themselves add directly:
CSSbi = achr,s + (1 - ac)cgs (A2)

To explore possible simplifications, it is useful to assess the relative contributions of the various terms in C;; or Cs3 (Eq. (A3a)) and C;3 (Eq. (A3Db))
whose full analytical expressions are rather lengthy. By isolating the part corresponding to a series-type association, Fig.A.2 shows that the com-
plementary term is very small compared with the main contribution. Hence, these expressions can be reasonably simplified as follows:

2
(& (&3
. . ce 2 ca 2 (acé_'— (1 - aC)i)
Cubl = ngbl = ac (Cil — 12 > + (1 - ac) <Ca -2 ) +

ng B ng ac + (1 - ac) (A3a)
2 Ch
>Cn" = Cg" = &€, + (1 - a)Cy
c, a c ce
a2+ (1—a) 12><a£+(170¢)ﬁ)

C13bi =a, (Cc _ CiZCEB) + (1 _ 055) (Ca _ C(IIZC53> + ( CC%Z ¢ ng CC%Z ‘ ng

13 C§2 13 CL212 i 4 (1 — (lc) (A3b)
€ Co

>C" ~ a,Cy + (1 - a)CY,
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Fig. A.2. Simplification of the components Cj; and C;3 of the elastic stiffness tensor [C].

Figure A.2 illustrates the simplifications that can be applied to the components C{} and Ct%. The inclined surface corresponds to the complete
analytical expression, while the nearly flat surface represents the complementary term to the parallel stiffness mixture law. The contribution of these
complementary terms is at most 1.83% for C;; or Cz3 and 2.64% for C;3. Therefore, the proposed simplification is entirely justified. Regarding the
remaining component, Cys, its expression (Eq. (A4)) does not correspond to either a series-type or a parallel-type mixture law. This is primarily
because it involves the term Cyp, which cannot be isolated in any straightforward manner. Therefore, the exact analytical expression of Cy3 will be
retained in the subsequent analysis.

-

«
acg: (1- )G

. . ca
Cr" =Cps"' = PRI 2 (A4)
G O

Following this first homogenization step, the resulting tensors are rotated, leading to linear expressions. A second homogenization step is then
performed on the rotated slices along direction 3. This second step yields either the mean value of the slice components or the mean value of their
inverses. The following section describes how each case is treated.

Appendix B. Laplace-Carson transformation to solve a viscoelastic problem

Maxwell Model — Differential and Integral Formulations

The Maxwell model is a representation of viscoelasticity that considers the elastic and viscous phases to be connected in series, such that the overall
behavior is more “fluid-like,” allowing for possible flow. The classical one-dimensional representation is as follows:

The series combination allows the addition of the elastic and viscous strains or strain rates, which leads to the differential relationship describing
shear flow:

T+ 01 =1,y avec:@:n—0 (B1)
Go

This law makes it possible to model the phenomena of delayed stress establishment and strain recovery that are observed experimentally. When a
step strain y is applied, the response of the Maxwell model shows a relaxation of the stress t(t). It can be shown that the expression of the stress is of the
form:

t
(t) = Go exp(—5) 7 (B2)
By analogy with the elastic law, the relaxation modulus G(t) is defined by the expression Eq. (B3):
t
G(t) =G, exp (75) (B3)

The behavior of a polymer is often poorly represented by a single relaxation time. It is therefore necessary to express the relaxation function as an
N-term Prony series in order to obtain an accurate representation of the material's behavior. In the following, we will continue the developments by
considering only a single relaxation time 6, but the entire formulation can be generalized to a multimode model.

14
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Another approach, considered more “intuitive” by rheologists and naturally derived from the relaxation test, consists in viewing the stress as the
sum of the strain history through the relation known as the integral formulation:

7(t) = /G(t—t’)}‘/(t/)dt' (B4)

—o0

where G(t) is the relaxation function of the form given above. Under these conditions, it is easy to show, by integrating by parts, that the time de-
rivative of the stress leads back to the Maxwell model resulting from the “spring-dashpot™ association. Therefore, either of these two formulations can
be used for our homogenization process.

Laplace-Carson Transforms

Laplace-Carson transforms are widely used in mechanics because they make it possible to transform a viscoelastic problem in the real (time)
domain into a formulation analogous to the same problem in elasticity within the Laplace-Carson space. The Laplace-Carson transform of a function h
(t) is defined as:

0

H(p) ou hi(p) =p / h(t)exp(—pt)dt (B5)

0

where p is a complex variable, and H(p) or E(p) denotes the transform of h(t). This preference over the traditional Laplace transform is justified
because the dimensional consistency (and thus the homogeneity) of the equations is preserved during the transformation, unlike with the classical
Laplace transform. Below is a table of some common Laplace-Carson transforms:

h(t) H(p)
h(t) <
Hp) =p [ hoesp(~ pod
0
dh(t) PH(p)
dt
(h1*ha)(©) Hi (p)H>(p)
p
A A
at a
p
3 n
I’z
exp(— at) _p
pta
texp(— at) p
P +a)?
sin at ap
p? +a?
cos at p?
pZ + a2

As a consequence, the transform of the differential formulation can be written as:

T4+ 0 =17 :?(p):l'ﬁpapy(p):a(p) ’g’lf:p Golip (B6)
—— 0

G(p)
From the Laplace-Carson transform table (row 7), it can be shown that (A?(p) is indeed the transform of the relaxation modulus G(t). Likewise, by
considering the product a(p) x 7(p) and referring to line 3 of the table, one obtains:

2(p) = G(p) x 7(p) = (p);m’ /Gt—t )t ®7)
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