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Introduction 

The present talk aims at presenting the characteristics of the radiation 
emitted by electron beam crossing a planar undulator in terms of spectral flux 
and bandwith. We will see that the spectrum emitted by a monoenergetic 
divergence free electron beam presents a series of lines with thickness of the 
order of 10-4 and even less. However, how do the optical performances and 
also the bandwith evolves if the electron beam owns an energy spread and 
also an angular divergence and position? How is the spectrum changed if the 
electron beam motion is disturbed when crossing the undulator? 

I will try to point out these effects to  estimate the impact on the optical 
performances of a planar undulator owning a longitudinal field component on 
its propagation axis    
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Radiation from a filament electron 
beam crossing a sinusoidal field area 
 



Motion of electrons in a planar 
sinusoïdal undulator 

The electron motion is ruled by the Lorentz equation: 𝛾𝑚0
𝑑𝑣

𝑑𝑡
= −𝑒𝑣 × 𝐵. In 

the case of a planar undulator : 𝐵 𝑧 = 𝐵0 cos 𝑘0𝑠 𝑠  . The normalized speed 

𝛽 =
𝑣

𝑐
 is written as: 

• 𝜷𝒙 =
𝑲

𝜸
𝐬𝐢𝐧(𝒌𝟎ct), 𝜷𝒛=0, 𝜷𝒔~𝟏 −

𝟏

𝟐𝜸𝟐
𝟏 +
𝑲𝟐

𝟐
−
𝑲𝟐

𝟒𝜸𝟐
𝐜𝐨 𝐬 𝟐𝒌𝟎𝒄𝒕  

• 𝒙 ≅
𝑲𝝀𝟎

𝟐𝝅𝜸
𝟏 − 𝒄𝒐 𝒔 𝒌𝟎𝒄𝒕  

• 𝒛 ≅ 𝜷𝒔𝒄𝒕 −
𝑲𝟐

𝟖𝜸𝟐𝒌𝟎
𝐬𝐢𝐧⁡(𝟐𝒌𝟎𝒄𝒕) with          𝐾 =

𝑒𝐵0𝜆0

2𝜋𝑚0𝑐
= 0.934𝐵0 𝑇 𝜆0 𝑐𝑚   
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Example: K=2, 𝝀𝟎=2 cm, 𝜸=5361 (SOLEIL)   
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Resonant Energy 

𝐸𝑟 𝜃 =
0.95⁡𝐸𝑒

2 𝐺𝑒𝑉

𝜆0 𝑚𝑚 1 +
𝐾2

2
+ 𝛾2𝜃2

=
ℎ

2𝜋
𝜔𝑟(𝜃) 

g: Lorentz factor 
𝜆0: magnetic period 
q: Observation Angle 
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Undulator:  
𝜆0 = 20⁡𝑚𝑚 
N = 100⁡ 
K = 2 

γ = 5361 (SOLEIL) 

𝜃 = 0⁡mrad 

𝜃 = ±0.2⁡mrad 

𝜃 = ±1⁡mrad 

𝜃 = ±2⁡mrad 

𝜆𝑟(𝜃) =
𝜆0
2𝑛𝛾2
1 +
𝐾2

2
+ 𝛾2𝜃2  



Radiated electric field 

Electric field in Time Domain Electric field in Frequency domain 

𝐸(𝜔) =
1

2𝜋
 𝐸 𝑡 𝑒−𝑗𝜔𝑡𝑑𝑡
+∞

−∞

 

K<<1 
q=0 

K>>1 
q=0 

K>>1 
q≠0 

Electron trajectory 

K<<1 
q=0 

K>>1 
q=0 

K>>1 
q≠0 

Code: B2E 

First Harmonic only  

Odd Harmonics only  

Even Harmonics appear  



Natural bandwith, angular 
divergence and source size 

ΔΕ

𝐸𝑟
=
1

𝑛𝑁
 

Photon energy E 

Photon energy E 

n: harmonic number 
N: period number 

Emission angle sn’=q2-q1 such as: 
 
ΔΕ

Ε𝑟
=
Δ𝜆

𝜆𝑟
=
𝐸𝑟 𝜃2 − 𝐸𝑟 𝜃1
𝐸𝑟

=
1

𝑛𝑁
 

𝜎𝜈′ =
𝜆

2𝐿
 at resonance  

𝜆𝑟(𝜃) =
𝜆0
2𝑛𝛾2
1 +
𝐾2

2
+ 𝛾2𝜃2  

𝜎𝜈𝜎𝜈′~
𝜆

4𝜋
 Photon emittance (gaussian beam): 

𝜎𝜈~
2𝜆𝐿

4𝜋
 

Photon divergence 

Photon size 

N.A.:  
n=19-21, N=100, DE/E=5 10-4 

∝ 𝒔𝒊𝒏𝒄𝟐 𝝅𝑵
𝑬−𝒏𝑬𝑹

𝑬𝑹
  



Spatial distribution 
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Effects of beam characteristics 
How the optical performances are modified? 



Twiss parameters 

The electron beam optics of a synchrotron facility is defined by the Twiss parameters: 

• The emittance in horizontal and vertical plane: respectively ex and ez  

• The betatron functions in horizontal and vertical plane: respectively bx and bz  

• The dispersion functions in horizontal and vertical plane: respectively hx and hz  

And also the relative energy spread sE/E or sg/g. 

The Twiss parameters determines the electron beam size and divergence at the undulator location: 

 

• 𝜎𝑥 = 𝜀𝑥𝛽𝑥 + 𝜂𝑥
2 𝜎𝛾

𝛾

2
 

• 𝜎𝑧 = 𝜀𝑧𝛽𝑧 

• 𝜎𝑥′ =
𝜀𝑥

𝛽𝑥
1 +
𝛽𝑥
′2

4
+ 𝜂𝑥
′2 𝜎𝛾

𝛾

2
  

• 𝜎𝑧
′ =
𝜀𝑧

𝛽𝑧
1 +
𝛽𝑧
′2

4
 

 

At the Straight section center: 

 𝛽𝑥
′ = 𝛽𝑧
′ = 𝜂𝑥
′=⁡𝜂𝑧
′ = 0 

Courtesy of SOLEIL 

Short Medium Lo ng 



Photon source size and angular 
divergence 

• Source size: Σ𝑥,𝑧 = 𝜎𝑥,𝑧
2 + 𝜎𝜐

2 

 

 

 

• Angular divergence: Σ𝑥,𝑧
′ = 𝜎𝑥′,𝑧′

2 + 𝜎𝜐′
2 

 

• Diffraction limited when : 𝝈𝒙,𝒛 < 𝝈𝝊 and 𝝈𝒙′,𝒛′ < 𝝈𝝊′.  

𝜎𝜈′ =
𝜆

2𝐿
 

𝜎𝜈~
𝜆𝐿

4𝜋
 

Electron beam contribution Photon beam contribution 

HORIZONTAL ELLIPSE VERTICAL ELLIPSE 

U20 :Period of 20 mm operating 
between 1000 eV and 10000 eV 



Spectral broadening 

𝜆𝑟(𝜃) =
𝜆0
2𝑛𝛾2
1 +
𝐾2

2
+ 𝛾2𝜃2  

 

The spectral bandwith results from the homogeneous broadening and from the inhomogeneous 
broadening: 

∆𝜆

𝜆
𝑇𝑜𝑡𝑎𝑙

=
1

𝑛𝑁
+
∆𝜆

𝜆
𝜎𝛾

+
∆𝜆

𝜆
𝜎𝑥
′

+
∆𝜆

𝜆
𝜎𝑧
′

 

• Homogeneous broadening: 
∆𝜆

𝜆
𝐻𝑜𝑚

=
1

𝑛𝑁
 

• Inhomogeneous broadening 
– Energy spread 𝜎𝛾/g: 

∆𝜆

𝜆
𝜎𝛾

= 2
𝜎𝛾

𝛾
 

– Angular divergence 𝜎𝑥
′ et 𝜎𝑧
′ ∶ 

∆𝜆

𝜆
𝜎𝑥,𝑧
′

=
𝛾2𝜎𝑥′,𝑧′

2

1 + 𝐾2/2
 



Spectral distribution: emittance and 
energy spread 

25x10
15

20

15

10

5

0

P
h
/s

/0
.1

%
b
w

/m
m

2

2015105

keV

 Filament beam

 Real Beam

 Emittance free beam

 Energy spread free beam

20x10
15

15

10

5

0

P
h

/s
/0

.1
%

b
w

/m
m

2

15501500145014001350

eV

 Filament beam

 Emittance free beam

 Energy spread free beam

 Real Beam

10x10
15

8

6

4

2

0

P
h
/s

/0
.1

%
b
w

/m
m

2

16.1016.0516.0015.9515.90

keV

 Filament beam

 Emittance free beam

 Energy spread free beam

 Real Beam

Filament: 𝜺𝒙⁡= 𝜺𝒛 = 
𝝈𝜸

𝜸
=0 

Emittance free: 𝜺𝒙⁡= 𝜺𝒛 =0 

Energy spread: 
𝝈𝜸

𝜸
=0 

Real: 𝜺𝒙⁡= 3.9 nm.rad 𝜺𝒛 = 39 pm.rad  
𝝈𝜸

𝜸
=0.001 

/2.5 

/10 



Spectral distribution: beta function 

15 15 15 

𝜀𝑥 ⁡=3.9 nm.rad 
𝜀𝑧 = 39 pm.rad 
sE/E=0.1% 

Long 
Medium 
short 



Spatial distribution 

1200 eV 5200 eV 

@10 m from the undulator center 

Code: SRW 

FILAMENT BEAM REAL BEAM 



Changes in the electron beam 
motion 



Magnetic defaults 

• Local dK result in trajectory magnitude variation 
𝜹𝑲𝝀𝟎

𝟐𝝅𝜸
  

Increase of the source size 

• Local dK result in phase error increase coming 

From the non steady regime of photon burst  

Emission. 

 𝐸𝑇 =  𝐸𝑘𝑒
𝑗𝜑𝑘 ≅2𝑁

𝑘 𝐸𝑇 = 𝐸0 𝑒
𝑗𝜑𝑘2𝑁

𝑘  

sf is the standard deviation of 𝜑𝑘⁡(gaussian distribution). 

One can estimate the reduction factor of the radiation intensity: 

 𝑹 = 𝒆𝒙𝒑 −𝒏𝟐𝝈𝝓
𝟐  
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Adding a longitudinal field 
component (1/6) 

A longitudinal component Bs is superimposed to the vertical periodic field. What will be the 
motion of particule and how will the emission be changed. The motion respects the analytical 
relations: 

 

 

•
𝒅𝜷𝒙

𝒅𝒔
=
−𝒆

𝜸𝒎𝟎𝒄
𝜷𝒛𝑩𝒔 − 𝜷𝒔𝑩𝒛  

•
𝒅𝜷𝒛

𝒅𝒔
=
𝒆

𝜸𝒎𝟎𝒄
𝜷𝒙𝑩𝒔 

 

 

 

 

bx and bz are calculated by Runge-Kutta integration taking into account the initial conditions at 
the entrance of the undulator (bx0 and bz0). The positions X and Z are also deduced by simple 
integration of the normalized speed and taking into account the initial conditions at the entrance 
of the undulator (X0 and Z0). 
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Adding a longitudinal field 
component (2/6): magnetic field 

Parameter Value Unit 
Beam energy 2.75 GeV 
Twiss parameters Filament beam - 
Short straight section 7.722 m 
Bending magnet field 1.7 T 
Undulator type In-vacuum U20 with NdFeB 

permanent magnets 
- 

Undulator period 20 mm 
Period number 98+terminations - 
Magnetic gap  5.5 mm 
Magnetic Field 
Harmonic content 

B1: 0.9328 
B3: 0.0617 
B5: 0.0017 

T 
T 
T 

Short Model of U20* 

*RADIA Code 



Adding a longitudinal field 
component (3/6): Motion 

SRW code 

BM BM UNDULATOR U20 



Adding a longitudinal field 
component (4/6): Motion 

Although oscillating in the horizontal plane, electron beam rotate around the undulator axis 

and describes a helix at the precession pulsation 𝜔 =
𝑒𝐵𝑠

𝛾𝑚0
 that is with a step length of 

∆𝐿 =
2𝜋109𝐸𝑒[𝐺𝑒𝑉]

𝑐𝐵𝑠
. The amplitude of the helix depends on the longitudinal field amplitude 

and entrance angle. 

 

 

Bs= 100T (non realistic case) 
Entrance Angle : 30 µrad 
 Ee= 2.75GeV 



Adding a longitudinal field component 
(5/6): Motion vs entrance angle 
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Adding a longitudinal field component 
(6/6): Flux density vs entrance angle 

Electron beam injected on axis: 

• qx=0 µrad 

• qz=0 µrad 

 

Electron beam injected with no-zero 
entrance angle: 

• qx=14.2 µrad 

• qz=14.2 µrad 

 

Electron beam injected with no-zero 
entrance angle: 

• qx=30.2 µrad 

• qz=30.2 µrad 



Flux density from a real beam 
To take into account the emittance and the energy spread of the beam, one considers electrons distributed 
gaussianly independently in position, angular divergence and energy: 

𝑃 𝑥, 𝑥′, 𝑧, 𝑧′, 𝐸 = 𝑃 𝑥 . 𝑃 𝑥′ . 𝑃 𝑧 . 𝑃 𝑧′ . 𝑃 𝐸 ⁡𝑤𝑖𝑡ℎ⁡𝑃 𝜉 =
1

2𝜋𝜎𝜉
𝑒

1
2

𝜉−𝜇𝜉
𝜎𝜉

2

 

 

 

Parameter Upgraded SOLEIL Present 

SOLEIL 

Unit 

Energy E 2.75 GeV 

Energy spread  0.101 % 

Hor. Size 𝜎𝑥 13.5 350 µm 

Vert. size 𝜎𝑧 13.5 9.6 µm 

Hor. Divergence 𝜎𝑥′ 0 1.5 7.1 15.1 0 1.5 7.1 15.1 0 1.5 7.1 15.1 16.5 µr 

Vert. divergence 𝜎𝑧′ 0 1.5 7.1 15.1 0 1.5 7.1 15.1 0 1.5 7.1 15.1 4 µr 

Long. Field 1 3 10 0 T 
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Summary and conclusions 

• Undulator radiation of composed of series of 
lines (harmonics) 

• The amplitude and the bandwith of the 
harmonics strongly depends on the  beam optics: 
emittance, energy spread, betatron and 
dispersion functions. 

• Changes in the particle trajectory: 
– Magnetic defaults: intensity reduction and 

bandwidth increase 
– Adding a longitudinal field: No significant impact on 

the spectral performances 

 


