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Introduction: what is a crystal?

Since 1992 (IUCR) :

« A material is a crystal if it has essentially a sharp diffraction 
pattern »

èAll solids with long range order
(translation symmetry in spaces of dimension ≥ 3)

cf. article de B. Toudic, Reflets de la Physique 2015, vol 44-45

A crystal is a solid composed of atoms arranged in a motif
(or a pattern) that is periodic in 3 dimensions.

Nature Materials  10,   890–896  (2011)
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Introduction: the periodic crystals

Nature Materials  10,   890–896  (2011)

ex: CaCO3 (calcite)
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Le cristal, tel que le grand public 

le connaît, est défini de 

manière extrêmement simple : 

une cellule élémentaire 

constituée d’atomes est répétée 

à l’identique, autrement dit 

de manière périodique, dans 

les trois directions de l’espace. 

L’ordre à l’infini, qui caractérise 

un cristal, et la symétrie de 

translation, qui le crée,  

semblaient ainsi indissociables. 

Pourtant, dans les dernières 

décennies du XXe siècle,  

il est apparu que dans certains 

matériaux, la symétrie de 

translation n’était nullement 

nécessaire pour obtenir  

un système cristallographique 

parfaitement ordonné  

à l’infini. Pour ces cristaux, 

dits quasi périodiques ou 

apériodiques, la périodicité, 

absente dans l’espace  

physique, est retrouvée dans 

des espaces de dimension 

supérieure, dits superespaces 

cristallographiques. 

Qu’est-ce qu’un cristal ?

Le cristal a longtemps été vu comme un 
assemblage d’atomes qui se distribuent 
périodiquement dans les trois directions 
de l’espace. On définit ainsi une maille 
cristalline à partir de laquelle on construit 
un cristal, par simple copie le long de 
chacune des périodes. Or, à partir des 
années 1970, il est apparu que cette 
définition était bien trop restrictive. En 
effet, la nature choisit d’autres méthodes 
pour créer des matériaux possédant un 
ordre cristallin à l’infini. L’objet de cet 
article est de présenter l’évolution 
conceptuelle permettant aujourd’hui, dans 
le cadre d’une cristallographie généralisée, 
de décrire ces structures cristallines de 
plus en plus complexes. 

Historiquement, le cristal a été 
pensé comme un objet périodique 

Dès l’antiquité, les hommes étaient 
fascinés par la géométrie et les formes des 
cristaux qu’ils découvraient. Au quatrième 
siècle avant notre ère, les cinq solides de 
Platon (tétraèdre, octaèdre, icosaèdre, 
cube et dodécaèdre) auraient été imaginés 
grâce aux cristaux de mines situées près 
d’Athènes. Au premier siècle avant notre 
ère, le nom Krustallos est donné au 
quartz par les Grecs, Krustallos signifiant 
refroidi, comme la glace. À la fin du 
XVIIe siècle, Nicolaus Steno, établissant 
la loi de constance des angles dans ces 
cristaux de quartz, pensa le cristal comme 
l’accrétion d’unités identiques. En 1784, 
René Just Haüy publia son « Essai d’une 
théorie sur la structure des cristaux », où 
il énonça la loi des troncatures simples 
dont découle la loi des indices rationnels. 
Celle-ci permet d’exprimer l’orientation 
de toute face d’un cristal au moyen de 
trois nombres entiers, qui caractérisent les 
intersections de cette face avec trois axes 
cristallographiques (fig. 1). Ces nombres 
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1. Cristaux de calcite CaCO3. 
(a) Photo. 
(b) La loi des indices rationnels (1784). 
(c) La maille élémentaire rhomboédrique, dont les faces 
sont parallèles aux plans cristallographiques (100), 
(010) et (001).
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law of rational indices 

translation symmetry
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incommensurate crystals, modulated phases
Periodicity (order at infinite) cannot be described in a 3D space

20 Reflets de la Physique n° 44-45

Les phases incommensurables 
modulées 

Dans le cas de l’hélimagnétisme, les 
deux réseaux incommensurables entre 
eux restaient des entités différentes : le 
réseau atomique, d’une part, et celui des 
moments magnétiques ordonnés, d’autre 
part. En 1974, cette idée de superposition 
de modulations incommensurables entre 
elles allait être avancée pour une même 
entité, en l’occurrence les positions 
atomiques dans un cristal (fig. 2). Cette 
avancée majeure dans la compréhension 
de l’ordre dans les cristaux est le fruit de 
la rencontre de mathématiciens et 
physiciens néerlandais : P.M. de Wolff, 
A. Janner et T. Janssen. Le problème 
posé à P.M. de Wolff était l’interprétation 
d’une image de diffraction du carbonate de 
sodium a-Na2CO3 [5], image constituée 
de pics de Bragg qui ne pouvaient pas 
être indexés dans un réseau réciproque 
tridimensionnel Ghkl = h a* + k b* + l c*. 
Il lui apparaît toutefois que cette image 
peut être décrite par l’introduction d’un 
unique vecteur supplémentaire q (fig. 3a). 
Ce vecteur définit les positions de raies 
de Bragg, dites raies satellites des raies de 
Bragg de la structure moyenne. Ainsi une 
base de rang 4 décrit toute l’image de 
diffraction, avec introduction simultané-
ment de quatre indices de Miller h, k, l, m : 
Ghklm = h a* + k b* + l c* + m q. Cette 
interprétation vaut pour la calavérite, 
mentionnée précédemment, l’ensemble 
des faces de ce cristal se décrivant aussi 
avec quatre indices [6]. 

Le cristal de a-Na2CO3 possède un 
ordre à grande distance, puisque son 
image de diffraction est un jeu de pics de 
Bragg, mais il ne possède pas la symétrie 
de translation. On peut toutefois toujours 
définir une structure de base réciproque 
périodique à trois dimensions (a*, b*, c*), 
dans laquelle se définit le quatrième 
vecteur avec au moins une composante 
irrationnelle dans cette base. Dans le cas de 
a-Na2CO3, ce vecteur est q = _ a* + a c* 
(_ = 0,182 et a = 0,318 à 300 K). Un 
résultat important, confirmant cet aspect 

irrationnel du vecteur q, est la variation 
continue de ses composantes _ et a en 
fonction de la température, preuve 
qu’elles ne sont pas des multiples rationnels 
mal identifiés. 

L’interprétation de cette image réciproque 
dans l’espace réel conduit à postuler 
l’existence d’une onde de modulation 
des positions atomiques, se superposant à 
une structure moyenne (fig. 3b), avec 
une période de la modulation qui est 
incommensurable avec au moins un 
vecteur de base de cette structure 
moyenne. Clairement, il n’y a plus de 
zone de Brillouin dans l’espace réciproque, 
plus de maille élémentaire dans l’espace 
réel : la maille est le cristal tout entier, 
avec ses ~ 1023 atomes pour un cristal 
centimétrique. La simplicité extrême de 
la cristallographie, basée sur la recherche 
des coordonnées d’un nombre fini et 

relativement petit (allant de 1 pour le 
polonium à, certes, des centaines de 
milliers en biocristallographie !) d’atomes 
dans la maille élémentaire, est perdue 
en même temps que la symétrie de 
translation.

P. M. de Wolff, A. Janner et T. Janssen 
ont alors une intuition géniale : la symétrie 
de translation est retrouvée dans des 
espaces de dimension supérieure à l’espace 
physique [7, 8]. Cet espace est de dimension 
(ou de « rang ») égale au nombre de 
vecteurs indépendants indexant l’ensemble 
des pics de Bragg de l’image de diffraction. 
Pour a-Na2CO3, ce rang est donc quatre. 
Dans ce superespace, on définit une 
supermaille périodique, où l’atome se 
décrit, non plus de manière ponctuelle, 
mais par la fonction (l’onde) de modula-
tion des positions atomiques introduite 
précédemment (fig. 4). Un cristal sera 
défini comme périodique si son rang est 
égal à la dimension de son espace physique, 
quasi périodique ou apériodique si son 
rang est supérieur à cette dimension. 
La publication de ces résultats par ces 
auteurs au milieu des années 1970 
marque la naissance de la cristallographie 
dite de superespace. 

a

h

un

2. Phase incommensurable modulée. Une chaîne périodique d’atomes (en bleu) est soumise à des déplacements 
transversaux un, formant une onde statique de périodicité h, incommensurable avec le pas du réseau bleu. 

3. Structure incommensurable modulée du carbonate 
de sodium a-Na2CO3.
(a) Plan de diffraction (a*, c*) du réseau réciproque de 
a-Na2CO3. Il est constitué de pics de Bragg, preuve d’un 
ordre à grande distance, mais requiert pour son indexation 
complète un vecteur de base complémentaire, 
q = _ a* + a c*. On observe les pics de Bragg du réseau 
périodique moyen (aux sommets des parallélogrammes 
bleus), et les pics satellites alignés le long des flèches 
rouges (parallèles à q). 
(b) La solution structurale modulée, projetée selon a 
(atomes d’oxygène en rouge, atomes de sodium en 
jaune et vert, les atomes de carbone sont omis). Une onde 
statique de déplacements transversaux (parallèles à b) 
apparaît dans la direction c. La longueur d’onde de la 
modulation est 2//q. 
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calaverite Au1-xAgxTe

B. Toudic, Reflets de la Physique 2015, vol 44-45

Introduction: aperiodic crystals No translation symmetry
in the 3D space
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quasicrystals (1982, Nobel prize in chemistry in 2011)

ex : alloy AlPdMn

B. Toudic, Reflets de la Physique 2015, vol 44-45
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6. La découverte des quasicristaux. 
(a) Les auteurs de l’article fondateur des quasicristaux, de gauche à droite : J.W. Cahn, D. Gratias, I. Blech et 
D. Shechtman. 
(b) Images de diffraction d’un quasicristal icosaédrique, présentant une symétrie rotationnelle d’ordre 5 et la 
propriété d’autosimilarité caractérisée par le nombre d’or o. 
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7. Construction de suites apériodiques. (a) Séquence de Fibonacci générant une suite S(N+1) apériodique de points de couleur rouge et bleu, par juxtaposition 
des deux précédentes suites S(N) et, dans l’ellipse orange, S(N-1). 
(b) Cette suite apériodique est une coupe par une droite de pente 1/o d’un espace périodique de rang 2, caractérisé par une supermaille carrée. 
(c) Méthode dite de la coupe : la surface atomique est un segment parallèle à la direction perpendiculaire du superespace. 
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Une telle séquence peut aussi être 
illustrée par formation d’une suite S de 
points, résultat de la juxtaposition des 
deux chaînes précédentes de la série 
S(N+1) = S(N) + S(N-1). Illustré par 
des cercles de couleur respectivement 
rouge et bleu sur la fi gure 7a, nous 
obtenons à 1D une séquence apériodique 
ordonnée à l’infi ni. L’addition d’une 
dimension à cet espace physique de rang 1,
permet de montrer cette suite apériodique 
comme une coupe d’un espace périodique 
de rang 2. Cet espace de rang 2 est décrit 
par une supermaille périodique carrée, 
dont les côtés verticaux défi niraient la 
couleur rouge des cercles et les côtés 
horizontaux la couleur bleue. La séquence 
de Fibonacci est obtenue pour une 
droite de pente de valeur 1/o (fi g. 7b). 
La propriété du nombre o, vérifi ant 
o-1 = 1/o, nous fait apparaître la séquence 
apériodique comme la superposition de 
deux séquences séparément périodiques, 
incommensurables entre elles puisque la 
fréquence des cercles rouges est, d’après 
le théorème de Thalès, o fois plus grande 
que celle des cercles bleus. 

Cette description, dite des grilles, a été 
remplacée par une méthode analogue, 
dite de coupe et projection, développée 
par A. Katz et M. Duneau en 1985. Dans 
cette description unidimensionnelle, la 
surface atomique est un segment et chaque 
point du quadrillage bidimensionnel 
possède sa surface atomique (fi g. 7c). Le 
pavage est obtenu par intersection de la 
droite E// avec les surfaces atomiques 
concernées. >>>
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En 1979, c’est-à-dire avant la découverte 
des quasicristaux, Roger Penrose avait 
imaginé des pavages bidimensionnels 
avec deux tuiles caractérisées par les 
chiffres 1 et o, généralisant dans un 
espace physique à deux dimensions la 
séquence des deux tuiles de Fibonacci 
(fi g. 8). On montre que le pavage de 
Penrose est une solution apériodique 
résultant de la coupe par un plan d’un 
espace périodique de rang 4. Cette 
approche illustre aussi le quasicristal 
icosaédrique, construit par des briques 
tridimensionnelles caractérisées, elles 
aussi, par 1 et o : ce quasicristal est une 
coupe d’un superespace périodique de 
rang 6. Cette représentation périodique 
dans des superespaces cristallographiques 
permet aujourd’hui de répondre à la 
question « où sont les atomes dans un 
quasicristal ? » (fi g. 9). 

De nombreux quasicristaux stables sont 
aujourd’hui synthétisés (fi g. 10), ouvrant 
le champ à de nouvelles études statiques, 
dynamiques et thermodynamiques de ces 
matériaux. Bien sûr, comme pour 
l’ensemble des autres cristaux apério-
diques, périodiques dans des espaces de 
dimension supérieure, des excitations 
spécifi ques le long de la direction interne 
aux superespaces sont prédites et observées 
(les phasons). 

Conclusion 
L’ensemble de ces observations a fon-

damentalement remis en question notre 
défi nition du cristal. Pendant des siècles, 
la symétrie de translation, par répétition 
à l’identique d’une maille élémentaire, 
était la seule façon de penser un ordre à 
grande distance. De très nombreux 
exemples dans la nature amènent à ne plus 
retenir que la seule condition de l’existence 
d’un ordre à grande distance pour défi nir 
un cristal. Ce critère ne peut expérimen-
talement être vérifi é qu’au travers de 
l’image de diffraction de l’objet. En 1992, 
l’Union internationale de cristallographie 
modifi e la défi nition du cristal, la donnant 
désormais par référence à la signature dans 
l’espace réciproque, l’espace de Fourier : 

“A material is a crystal if it has 
essentially a sharp diffraction pattern.”
Cette défi nition a pour objectif d’en-

glober tous les nouveaux matériaux dont 
le point commun est d’avoir un ordre à 
grande distance. Elle constitue un critère 
expérimentalement simple pour classer tel 
matériau comme étant un cristal ou pas. 
Le terme « essentiellement » rend compte 
du fait que ces nouveaux matériaux, 
comme d’ailleurs aussi les cristaux pério-
diques, ont des fl uctuations spécifi ques 
dynamiques (phasons) ou statiques qui 
génèrent de la diffusion diffuse, quelquefois 
signifi cative, en dehors des pics de Bragg. 
Une rigueur plus mathématique aurait 
pu être attendue, voire souhaitée, pour 
décrire un objet aussi magnifi que qu’un 
cristal. Force est de constater qu’une telle 
défi nition, aisément utilisable à l’expé-
rience, est encore à trouver. ]

8. Pavage de Penrose : coupe apériodique par un 
plan d’un espace périodique de rang 4. Il est construit 
à partir de deux types de losanges, dont les côtés sont 
de même longueur et les surfaces sont dans le 
rapport o. 

9. Amas atomiques dont est constitué principalement un alliage quasicristallin de 
type AlMnPd. À gauche, amas de type Mackay (51 atomes) ; à droite, amas de type Bergman 
(33 atomes). 

10. Photo d’un quasicristal de Ho-Mg-Zn de 
forme dodécaédrique. 
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crystal ≠ glass
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Introduction: what is a crystal?

A crystal is a solid composed of atoms arranged in a motif
(or a pattern) that is periodic in 3 dimensions.

Since 1992 (IUCR) :

« A material is a crystal if it has essentially a sharp diffraction 
pattern »

èAll solids with long range order
(translation symmetry in spaces of dimension ≥ 3)

cf. article de B. Toudic, Reflets de la Physique 2015, vol 44-45



Objectives: what you should know at the end of the course

the smallest along [010]. This comes as no surprise,
considering that the rigidity of the structure comes from the
way BO3 units are arranged: the BO3 triangles are linked
through vertices in the [010] direction (this direction therefore
involves covalent bonds), while the B4O9 platelets are stacked
along [100]; therefore in this direction, only Li atoms make the
connection between them via ionic bonds, enhancing the
flexibility. The final Rietveld refinement of Li6B4O9 is shown in
Figure 3.

b. Li3B11O18 (Previously Reported as Li2B8O13). The
same strategy was followed for the reported composition
Li2B8O13, for which a unit cell was reported by Touboul et al.,

11

but the poor quality of their single crystals prevented them
from obtaining a structural model. Another group reported a
triclinic unit cell to index the pattern but could not provide any
structural model.25,29 This comes as no surprise, as we figured
out that the composition was wrong as shown later. As for
Li6B4O9, the synthesis procedure of Li2B8O13 followed the
protocol described by Mathews et al.25 Lithium carbonate
(Li2CO3) and boric acid (H3BO3, reagent grade) were melted
at 950 °C for 30 min, and the resulting powder was quenched,
ground, and finally reheated at 550 °C for 2 days with
intermittent grindings, followed by a second heat treatment at
600 °C for 24 h. The “Li2B8O13” powder indeed shows a
plethora of peaks with a strong overlap, and the first diffraction
peak located at the large value of d = 17.4 Å precluded us from
easily finding a unique unit cell able to index the pattern. As for
Li6B4O9, a single crystal of sufficient quality was isolated within
the powder to perform single-crystal X-ray diffraction. Details
on the data acquisition can be found in Table 1. Importantly,
the structure solution led to the unit formula Li3B11O18, i.e.,
3 Li2O−11 B2O3, instead of the Li2B8O13 (Li2O−4 B2O3)
expected. Li3B11O18 crystallizes in the P21/c space group with

lattice parameters a = 17.7607(8) Å, b = 7.7737(4) Å,
c = 9.6731(4) Å, and β = 100.906(4)°. The lithium, boron, and
oxygen atoms are distributed in the general 4eWyckoff site (see
Table 4 for the complete list of atomic positions). The

anisotropic temperature factors are gathered in the Supporting
Information, Table S3. There are three lithium, 11 boron, and
18 oxygen atoms in the structure. Two distinct kinds of boron
coordination are observed: eight boron atoms are located in the
middle of a regular BO3 triangle, whereas three boron atoms are
in the middle of BO4 regular tetrahedra. These BO3 and BO4
units are linked only with vertices, so as to form a 3D
interconnected network (Figure 4). Each BO4 tetrahedron is
linked to two corner-sharing BO3 triangles, so as to form almost
planar B[4]−O−B[3]−O−B[3]−O−B[4] six-membered rings (the
value written between square brackets indicates the coordina-
tion of boron), creating B3O7 rings (Figure 4c). All boron
atoms are involved in such units. There are two crystallo-
graphically distinct B3O7 building units, plus one that is more
specific as the BO4 tetrahedron connects two B3O7 rings that
are perpendicular to each other to form B5O10 bi-rings (Figure
4c). The shorthand notation5 of Li3B11O18 can be written as
8:∞3[(3:2Δ+T)+(5:4Δ+T)], where Δ and T refer to a BO3
triangle and a BO4 tetrahedron, respectively.

Figure 3. Rietveld refinement of the Li6B4O9 X-ray powder diffraction
pattern (λCu) (top) and Li3B11O18 X-ray powder diffraction pattern
(λCo) (bottom). For both, the red crosses are the experimental points,
the black line is the calculated pattern, blue vertical tick marks refer to
Bragg reflections, and the gray line is the difference (observed −
calculated) pattern.

Table 4. Fractional Atomic Coordinates (×104) and
Equivalent Isotropic Displacement Parameters (Å2 × 103)
for Li3B11O18

atom x y z U(eq)a

Li1 9555(3) −3191(7) 9896(4) 45.4(13)
Li2 7536(2) −802(8) 7787(4) 41.2(13)
Li3 5789(2) 5605(7) 6342(4) 39.7(11)
B1 9926.2(14) 1311(3) 7475(2) 19.3(5)
B2 9044.2(14) 826(3) 9032(2) 20.1(5)
B3 8063.6(14) −1164(4) 5094(2) 19.6(5)
B4 7125.1(14) 1042(4) 4901(2) 20.4(5)
B5 6246.9(14) 1588(3) 6541(2) 20.4(5)
B6 5135.9(14) 2110(3) 7523(2) 19.5(5)
B7 3070.2(14) 4397(3) 4649(2) 20.3(5)
B8 1828.4(14) 5674(4) 4268(2) 21.3(5)
B9 9121.7(14) −1262(3) 7192(2) 18.3(5)
B10 4130.5(14) 4413(3) 6860(2) 19.3(5)
B11 2417.6(14) 5110(4) 2216(2) 22.1(6)
O1 9572.5(8) −2636(2) 7991.9(14) 20.2(3)
O2 9631.7(8) −25(2) 6648.7(14) 22.5(4)
O3 8694.6(8) −410(2) 8138.2(13) 19.8(3)
O4 9710.8(8) 1597(2) 8776.4(14) 23.1(4)
O5 8651.5(8) −2004(2) 5937.2(14) 20.9(3)
O6 7553.1(8) −221(2) 5720.0(14) 25.0(4)
O7 6617.9(9) 2017(2) 5471.7(14) 24.2(4)
O8 6413.1(8) 143(2) 7317.1(14) 19.6(3)
O9 7572.0(8) −124(2) 9816.9(13) 20.9(4)
O10 5646.8(8) 2668(2) 6694.3(15) 24.9(4)
O11 5268.2(8) 641(2) 8282.6(15) 23.0(4)
O12 4473.0(8) 2888(2) 7598.6(15) 24.1(4)
O13 3740.4(8) 3934(2) 5449.8(14) 24.4(4)
O14 3035.7(9) 4305(2) 3235.5(14) 25.7(4)
O15 2775.4(9) 6354(2) 1408.9(14) 25.0(4)
O16 2020.4(9) 3743(2) 1301.5(14) 31.5(4)
O17 1862.5(8) 5960(2) 2922.6(14) 25.5(4)
O18 1204.3(8) 6283(2) 4781.5(14) 23.8(4)

aUeq is defined as 1/3 of the trace of the orthogonalized Uij tensor.
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the smallest along [010]. This comes as no surprise,
considering that the rigidity of the structure comes from the
way BO3 units are arranged: the BO3 triangles are linked
through vertices in the [010] direction (this direction therefore
involves covalent bonds), while the B4O9 platelets are stacked
along [100]; therefore in this direction, only Li atoms make the
connection between them via ionic bonds, enhancing the
flexibility. The final Rietveld refinement of Li6B4O9 is shown in
Figure 3.

b. Li3B11O18 (Previously Reported as Li2B8O13). The
same strategy was followed for the reported composition
Li2B8O13, for which a unit cell was reported by Touboul et al.,
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ABSTRACT: The crystal structures of two members of the Li2O−B2O3 phase
diagram, Li6B4O9 and Li3B11O18, have been solved from single-crystal X-ray diffraction,
and their structure has been further confirmed by Rietveld refinement on powder
samples. Li6B4O9 crystallizes in the P21/n space group with a = 3.31913(15) Å, b =
23.361(2) Å, c = 9.1582(4) Å, and β = 92.650(4)°. It is the only lithium borate being
built upon clusters made of four BO3 triangular units linked by vertices. Li3B11O18
adopts also a monoclinic symmetry with a = 17.7607(8) Å, b = 7.7737(4) Å, c =
9.6731(4) Å, and β = 100.906(4)° (space group P21/c); it contains 73% BO3 triangular
units and 27% BO4 tetrahedra, linked by vertices such that it forms a 3D network
containing B3O7 and B5O10 rings. These two new structures and their specificities are
discussed in the framework of the dimensional reduction formalism together with other reported lithium borates and may serve
as a crystalline reference to study borate glasses.

■ INTRODUCTION
The Li2O−B2O3 binary diagram has been studied for more than
50 years and shows a great complexity (Figure 1).1−5 About 10
single-phase compositions are reported in this diagram, some of
them presenting also temperature- or pressure-induced poly-
morphism.6 The structural diversity offered by borates is
impressive, as boron oxides can be built upon triangular BO3
units, tetrahedral BO4 units, or both. The connectivity between
these building units (denoted sometimes as “fundamental
building blocks” or “superstructural units”)3,5 is also extremely
diverse and may give rise to isolated units, dimers, chains, rings
and so on.5,7 Having a good knowledge of the structure and
properties exhibited by the crystalline compounds may provide
precious relevant information to serve as a reference for
studying the properties of borate glasses, whose local structure
is not so easily accessible. The most studied crystalline
compound is LiB3O5 (Li2O−3 B2O3)

8 because it can be used
as a nonlinear optical material.7,9 Some Li-rich phases such as
Li3BO3 (3 Li2O−B2O3)

10 present a good ionic conductivity, so
that they could serve as solid electrolytes for Li-ion
batteries.11,12 As the BO3 unit is lighter than other polyanions
(phosphates, silicates, and sulfates), lithium borates including a
3d transition metal such as LiFeBO3 are considered as
promising Li-ion electrode materials.13

The structures of the crystalline compounds belonging to the
Li2O−B2O3 binary diagram have been explored over the last
five decades, the most recent determination being the low- and
high-temperature polymorphs of Li4B2O5 (2 Li2O−B2O3).

14

Despite many efforts, two compositions reported in the Li2O−
B2O3 diagram are still missing, as their structures could never

be solved: Li6B4O9 (3 Li2O−2 B2O3) and Li2B8O13 (Li2O−
4 B2O3). Indeed lithium borates are among the most difficult
compounds to study from a crystallographic point of view, as
they are made of light atoms, which are weak X-ray scatterers.
When single crystals are not available, the usual successful way
is to use neutron powder diffraction as a complementary
technique to X-ray diffraction, but in the present case, such a
study is quite challenging since natural boron, and to a lesser
extent lithium, is one of the best neutron absorbers. This
limitation can be circumvented by preparing 11B- and 7Li-doped
compounds, but the limited variety and the cost of enriched
precursors sometimes make the synthesis harder. Nevertheless,
this strategy was successfully followed in the case of the Li-ion
battery material LiFeBO3

15,16 and in Li2B4O7.
17

In this paper, the structure resolution of Li6B4O9 (3 Li2O−
2 B2O3) using single-crystal X-ray diffraction is reported, as well
as that of Li2B8O13 (Li2O−4 B2O3), for which the reported
composition was wrong and has to be read as Li3B11O18

(3 Li2O−11 B2O3). Rietveld refinements on powdered samples
further confirm our structural models and indicate that the
single-crystal structure is representative of the whole sample.
These two structures are discussed in terms of topology and
dimensional reduction formalism together with the other
structures reported in the Li2O−B2O3 phase diagram.
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TABLE II. Calculated structural parameters of silicon, α-quartz, stishovite, zircon, periclase, and copper for various XC functionals. The
theoretical results are compared to the experimental values taken from Ref. [23] for silicon, Ref. [24] for α-quartz, Ref. [25] for stishovite,
Ref. [26] for zircon, Ref. [27] for periclase, and Ref. [28] for copper. The lattice constants (a and c) and the bond lengths (d) are expressed in
Å, the bond angles are reported in degrees, whereas the internal parameters (u, v, x, y, and z) are dimensionless. The “good” (absolute relative
error smaller than 0.5%) theoretical values are in bold and the “bad” (absolute relative error larger than 2%) values are underlined.

LDA PBE PBEsol AM05 WC HTBS Expt. LDA PBE PBEsol AM05 WC HTBS Expt.
Silicon

a 5.382 5.467 5.422 5.431 5.420 5.446 5.431 d(Si-Si) 2.331 2.367 2.348 2.352 2.347 2.358 2.352
α-Quartz

a 4.866 5.039 4.959 5.029 4.975 5.108 4.916 d(Si-O) 1.600 1.624 1.614 1.614 1.613 1.620 1.605
c 5.361 5.524 5.443 5.510 5.458 5.579 5.406 1.605 1.627 1.618 1.617 1.616 1.620 1.614
u 0.4666 0.4790 0.4725 0.4818 0.4748 0.5000 0.4697 ∠(Si-O-Si) 142.2 148.1 144.9 149.6 146.1 154.3 143.8
x 0.4128 0.4155 0.4140 0.4166 0.4149 0.4186 0.4135 ∠(O-Si-O) 108.5 109.4 109.0 109.5 109.1 110.0 108.8
y 0.2726 0.2511 0.2628 0.2458 0.2587 0.2093 0.2669 109.3 108.2 108.6 108.3 108.6 108.2 109.0
z 0.1153 0.1320 0.1225 0.1366 0.1259 0.1667 0.1191 109.4 108.9 109.2 108.9 109.2 108.2 109.2

110.6 110.5 110.5 110.4 110.4 110.3 110.5
Stishovite

a 4.155 4.246 4.199 4.206 4.198 4.217 4.180 d(Si-O) 1.753 1.777 1.765 1.765 1.765 1.771 1.758
c 2.654 2.694 2.676 2.675 2.676 2.685 2.667 1.792 1.844 1.818 1.822 1.818 1.827 1.810
u 0.3057 0.3070 0.3062 0.3064 0.3062 0.3060 0.3062 ∠(Si-O-Si) 98.4 98.6 98.6 98.5 98.6 98.6 98.7

130.8 130.7 130.7 130.7 130.7 130.7 130.7
Zircon

a 6.575 6.697 6.631 6.642 6.629 6.661 6.610 d(Zr-O) 2.120 2.162 2.138 2.143 2.138 2.148 2.124
c 5.900 6.007 5.949 5.956 5.949 5.972 6.001 2.252 2.288 2.268 2.267 2.270 2.272 2.287
u 0.0661 0.0666 0.0662 0.0664 0.0662 0.0663 0.0646 d(Si-O) 1.612 1.639 1.627 1.628 1.626 1.633 1.627
v 0.1953 0.1951 0.1949 0.1947 0.1951 0.1945 0.1967 ∠(Zr-O-Si) 98.9 99.0 99.0 98.9 99.0 98.9 98.7

150.0 149.8 149.8 149.7 149.9 149.7 150.6
∠(Zr-O-Zr) 111.1 111.2 111.2 111.3 111.2 111.4 110.7
∠(O-Si-O) 97.2 97.1 97.1 97.0 97.1 97.0 97.8

115.9 116.0 116.0 116.0 116.0 116.0 115.6
Periclase

a 4.130 4.231 4.194 4.194 4.192 4.238 4.212 d(Mg-O) 2.065 2.115 2.097 2.097 2.096 2.119 2.106
Copper

a 3.522 3.661 3.596 3.595 3.599 3.599 3.615 d(Cu-Cu) 2.512 2.589 2.543 2.542 2.545 2.545 2.556
MRE (%) −0.79 1.31 0.27 0.99 0.43 2.31
MARE (%) 1.35 2.15 0.82 2.32 1.17 5.28

(0,0,0) and ( 1
2 , 1

2 , 1
2 ). The O atoms are located at (u,u,0),(1 −

u,1 − u,0),( 1
2 − u, 1

2 + u, 1
2 ), and ( 1

2 + u, 1
2 − u, 1

2 ) on the 4f
Wyckoff sites. The structure of stishovite is thus completely
defined by the lattice constants a and c and a single internal
coordinate u. In Table II, our calculated results are compared
with experimental values [25].

Zircon has a conventional unit cell which is body-centered
tetragonal (space group I41/amd). The positions of Zr and Si
atoms are imposed by symmetry: they are located at (0, 3

4 , 1
8 )

and (0, 1
4 , 3

8 ) on the 4a and 4b Wyckoff sites, respectively.
The O atoms occupy the 16h Wyckoff sites (0,u,v), where u
and v are internal parameters. Hence the structure of zircon is
completely determined by the two lattice constants a and c and
the two internal coordinates u and v. Table II summarizes our
theoretical results for zircon together with the measurements
of Ref. [26].

The space group of periclase is Fm3̄m. The O atom
occupies the 4a Wyckoff site (0,0,0) and the Mg atom is
located at ( 1

2 , 1
2 , 1

2 ) occupying the 4b Wyckoff sites. In Table II,
the optimal lattice constant of periclase calculated using
different XC functionals are summarized and compared to the
experimental value 4.21 Å [27]. The space group of copper
is Fm3̄m. The Cu atom is located at (0,0,0) occupied the 4a

Wyckoff sites. The equilibrium lattice constants for copper are
summarized in Table II.

A completely fair comparison between theoretical and
experimental values is quite difficult to achieve. Indeed, in
principle, the zero-point anharmonic expansion (ZPAE) should
be taken into account. When comparing the performance of
different XC functionals to predict the lattice constants of
solids, a ZPAE correction is usually applied to the experimental
results (see, e.g., Ref. [11]), leading to values typically 0.01–
0.02 Å lower. However, while a ZPAE correction formula
exists for cubic systems without any internal parameters, it is
unfortunately not the case for all crystalline systems and, in
particular, when internal parameters are involved. Therefore
we decided not to apply such corrections in order to treat
all the materials in the same way. Furthermore, for those
materials (silicon, periclase, and copper) to which ZPAE
corrections can be applied, we checked that the global trends
discussed hereafter are essentially very similar whether or not
the experimental results are corrected.

In Table II, we observe the well known general tendency of
LDA and PBE to respectively underestimate and overestimate
lattice constants. PBEsol and WC are the closest to the
experimental lattice parameters. AM05 performs only slightly
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7Department of Physics, University of Washington, Seattle, Washington 98195, USA
(Received 18 September 2013; revised manuscript received 17 December 2013; published 21 February 2014)

We assess the validity of various exchange-correlation functionals for computing the structural, vibrational,
dielectric, and thermodynamical properties of materials in the framework of density-functional perturbation
theory (DFPT). We consider five generalized-gradient approximation (GGA) functionals (PBE, PBEsol, WC,
AM05, and HTBS) as well as the local density approximation (LDA) functional. We investigate a wide variety
of materials including a semiconductor (silicon), a metal (copper), and various insulators (SiO2 α-quartz and
stishovite, ZrSiO4 zircon, and MgO periclase). For the structural properties, we find that PBEsol and WC are
the closest to the experiments and AM05 performs only slightly worse. All three functionals actually improve
over LDA and PBE in contrast with HTBS, which is shown to fail dramatically for α-quartz. For the vibrational
and thermodynamical properties, LDA performs surprisingly very well. In the majority of the test cases, it
outperforms PBE significantly and also the WC, PBEsol and AM05 functionals though by a smaller margin
(and to the detriment of structural parameters). On the other hand, HTBS performs also poorly for vibrational
quantities. For the dielectric properties, none of the functionals can be put forward. They all (i) fail to reproduce
the electronic dielectric constant due to the well-known band gap problem and (ii) tend to overestimate the
oscillator strengths (and hence the static dielectric constant).
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I. INTRODUCTION

The lattice-dynamical behavior (“the jiggling and wiggling
of atoms,” as Feynman poetically said [1]) determines many of
the physical properties of solids: infrared, Raman, and neutron-
diffraction spectra; specific heats, thermal expansion, and
heat conduction; phenomena related to the electron-phonon
interaction such as the resistivity of metals, superconductivity,
the temperature dependence of optical spectra, etc. It is thus
essential to be able to model accurately the lattice dynamics of
materials to understand and predict many of their properties.

In the last three decades, theoretical condensed-matter
physics and computational materials science have made con-
siderable progress. Nowadays, many materials properties can
be computed using ab initio quantum-mechanical techniques.
Their only input information is the chemical composition
and crystal structure of the material. The predictive power
of ab initio computations has even started to be used to
make materials design and predictions [2]. In the specific
case of lattice-dynamical properties, a large number of ab
initio calculations based on the linear-response theory of lattice
vibrations have been made possible over the past twenty years
by the achievements of density-functional theory [3] (DFT)
and by the development of density-functional perturbation
theory [4] (DFPT). Thanks to these theoretical and algorithmic
advances, it is nowadays possible to obtain phonon dispersions
on a fine grid of wave vectors covering the entire Brillouin

zone, which can directly be compared with neutron-diffraction
data. From the phonon frequencies, many of the above physical
properties can be computed.

Within the framework of DFT, the many-body problem of
interacting electrons in a static external potential is cast into a
tractable problem of noninteracting electrons moving in an ef-
fective potential. The latter includes the external potential and
the effects of the Coulomb interactions between the electrons,
i.e., the so-called Hartree term, describing the electron-electron
repulsion, and the exchange and correlation (XC) interactions,
which includes all the many-body interactions. Modeling the
XC interactions is the main difficulty of DFT. The simplest
approximation is the local-density approximation [3,5] (LDA),
which is based on the XC energy of the homogeneous electron
gas and only requires the density at each point in space. A
slightly more elaborate approach consists in using both the
density and its gradient at each point in space in the so-called
generalized gradient approximation (GGA).

For solids, the most commonly used GGA functional is
the one proposed by Perdew, Burke, and Ernzherhof (PBE)
[6]. It almost always overestimates the lattice constants of
solids, while LDA consistently underestimates the volume.
In both cases, the typical errors amount to 1%–2% of the
lattice parameters. A series of alternative GGA functionals
have recently been proposed to overcome this problem, as
well as to obtain accurate surface energies for solids. One
such functional is the AM05 functional [7], which combines
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the LDA functional for bulklike regions with a local Airy
approximation [8] for surfacelike regions. In contrast, the
PBEsol [9] and Wu and Cohen (WC) [10] functionals can
be seen as revised versions of PBE specifically adapted for
solids. These three functionals (AM05, PBEsol, and WC)
yield indeed lattice constants that are in excellent agreement
with experiments [11]. More recently, the HTBS functional
[12] has been proposed as an efficient compromise leading to
good results on challenging problems requiring accuracy for
both solids and molecules (e.g., the CO adsorption on noble
metal surfaces). It is obtained by mixing two functionals: one
performing well for atomization energies of molecules (the
RPBE [13] functional) and one achieving very good accuracy
for lattice constants in solids (WC).

These alternative functionals, which mainly focus on
improving the modeling of the lattice constants, bond lengths
and surface energies of solids, often compromise the accuracy
for bulk total energies. It is therefore of interest to study
how they perform when it comes to predicting properties
governed by lattice dynamics (such as phonon frequencies,
dielectric constants, and thermal properties) and that should
be affected by both the accuracy in structural parameters and
energy. It should be mentioned that the performance of PBE
has already been tested for the phonon frequencies of a few
selected solids [14–16]. A comparison of LDA, PBE, and
an ad hoc functional (mixing 50% of the previous ones) has
been proposed for copper focusing on the theoretical Debye-
Waller factors [18]. The performance of the screened hybrid
HSE functional has been studied for the lattice dynamics of
group-IV elemental semiconductors and insulators using a
finite differences approach [17]. More recently, the phonon
dispersions of face-centered cubic metals (Cu, Ag, Au, Ni, Pd,
Pt, Rh, and Ir) have also been investigated using the WC and
PBEsol functionals [19].

In this paper, we consider five GGA functionals (PBE,
PBEsol, WC, AM05, and HTBS) as well as the LDA to
compute such properties using DFPT. We investigate a wide
variety of materials including a semiconductor (silicon), a
metal (copper), and various insulators (SiO2 α-quartz and
stishovite, ZrSiO4 zircon, and MgO periclase). This allows
us to assess the validity of the different XC functionals
not only for structural properties (as commonly reported in
the literature) but also for vibrational, thermodynamical, and
dielectric properties.

This paper is organized as follows. Section II is devoted
to the technical details of our calculations. Our main results
are then presented in Sec. III: we present successively (III A)
the structural properties, (III B) the phonon frequencies at
", (III C) the phonon dispersion curves, (III D) the volume
dependence of the phonon frequencies, (III E) the thermody-
namical properties, and (III F) the dielectric properties. Based
on these results, a few general statements and considerations
are given in Sec. IV. Finally, our most important findings are
summarized in Sec. V.

II. TECHNICAL DETAILS

The ab initio calculations were performed using the ABINIT
package [20] combined with the LIBXC library [21]. Total
energies were computed using DFT, and phonon frequencies

TABLE I. Atomic valence configurations, core radii (rc in a.u.
for the different channels), and local channel (see text) of the
pseudopotentials.

Atom Configuration rs
c rp

c rd
c Local

O 2s22p4 1.50 1.50 – p

Mg 3s23p03d0 2.10 2.50 2.50 s

Si 3s23p23d0 1.73 1.90 2.03 d

Zr 4s24p64d25s0 1.95 1.75 1.90 d

Cu 3d104s14p0 2.08 2.08 2.08 s

using DFPT. The exchange-correlation energy is evaluated
within LDA using Perdew-Wang’s parametrization [5] and
GGA using the PBE [6], PBEsol [9], AM05 [7], WC [10],
and HTBS [12] functionals. The interaction between the ions
and valence electrons was described using Troullier-Martins
norm-conserving pseudopotentials. These are generated by the
atomic pseudopotentials engine [22] consistently with each
XC functional. The reference configurations and core radii of
our pseudopotentials (kept the same for all XC functionals)
are reported in Table I. The plane-wave kinetic energy cutoff
was set to 10 Ha for silicon, 30 Ha for zircon, α-quartz, and
stishovite, 40 Ha for copper, 33 Ha for periclase. The Brillouin
Zone (BZ) integrations were performed within Monkhorst-
Pack (MP) scheme using 4 × 4 × 4 grids for silicon, zircon,
α-quartz, stishovite, periclase and using 6 × 6 × 6 grids for
copper. In order to deal with the possible convergence prob-
lems for copper, Gaussian smearing technique was employed
with the smearing parameter set equal to 0.01 Hartree.

For a statistical analysis of the results obtained with the
different XC functionals, we use the mean relative error (MRE,
in percents) and the mean absolute relative error (MARE, in
percents).

III. RESULTS AND ANALYSIS

A. Structural properties

We have studied in Table II the structural parameters
(lattice constants but also bond lengths and angles) for the
different compounds and functionals. The space group of
silicon is Fd3̄m. The Si atoms are located at ( 1

8 , 1
8 , 1

8 ) and
( 7

8 , 7
8 , 7

8 ) occupied the 8a Wyckoff sites [29]. In Table II, the
optimal lattice constant of silicon calculated using different XC
functionals are summarized and compared to the experimental
value 5.431 Å [23].

The unit cell of α-quartz is trigonal (space group P 3221). It
contains nine atoms: the Si atoms are located at (u,0,0) on the
3a Wyckoff sites, while the O atoms are located at (x,y,z) on
the 6c Wyckoff sites. Hence, four internal coordinates u, x, y, z
are required, besides the two lattice constants a and c, in order
to completely determine the structure. The theoretical value
calculated here using the different XC functionals are reported
in Table II. A comparison with the experimental values of
Ref. [24] is also provided.

Stishovite has the rutile structure which is tetragonal (space
group P 42/mnm). The positions of the Si atoms are imposed
by symmetry: they occupy the 2a Wyckoff sites located at
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which exhibit D3d !or 3̄m" symmetry and build chains
aligned along the six twofold axis of the cubic structure.14

The number of equivalent octahedral sites in the unit cell is
four, denoted hereafter as sites A, B, C, and D, depending on
their direction of distortion, either #1̄11$, #111̄$, #111$, or
#11̄1$, respectively !Fig. 1 and Table. I". During the Al to Cr
substitution, the local D3d symmetry is retained and the re-
laxed Cr site remains centrosymmetric, which indicates the
absence of Cr 3d-4p mixing.15 Hence, the K pre-edge fea-
tures arise from pure electric quadrupole transitions !1s
→3d" but an experimental evidence of this is still lacking.
As the Cr site remains distorted in the same direction as for
the Al site, four equivalent relaxed sites are available for Cr.
Hence, the electric dipole and electric quadrupole absorption
cross sections, for a given single-crystal configuration, are
expected to be different for a Cr impurity located at sites A,

B, C, or D since their orientations with respect to the incident
beam are different.

In this paper, we compare the experimental angular de-
pendence of the Cr K pre-edge MgAl2O4:Cr3+ to those ob-
tained by theoretical calculations, combining a monoelec-
tronic approach based on density functional theory !DFT"
and multielectronic methods based on the ligand field multi-
plet !LFM" theory. The monoelectronic approach is usually
dedicated to the study of delocalized final states !e.g., the
calculation of K-edge spectra" but has also provided satisfac-
tory results for the study of Ti K pre-edge in TiO2 and
SrTiO3 !Refs. 16–19" and also for the study of Fe K pre-edge
in FeS2.20 The multielectronic approach, usually dedicated to
the study of localized final states !e.g., K pre-edge and L2,3
edges of 3d transition elements", has been successfully ap-
plied to the case of K pre-edge in several systems.21,22 Our
aim is to determine the factors !site distortion and electronic
interactions" prevailing at the angular dependence of Cr K
pre-edge in spinel and to provide a comparison between the
monoelectronic and multielectronic approaches. We also
present a powerful method, based on symmetry consider-
ations, to reduce the number of calculations needed to recon-
struct the angular dependence of the cubic crystal from that
of a single site. The paper is organized as follows. Section II
is dedicated to the experimental work, including the sample
description, the x-ray absorption measurements, and analy-
sis. Section III is devoted to the computational work, includ-
ing the theoretical framework !Sec. III A" and the details of
DFT calculations !Sec. III B 1" and of the multiplet calcula-
tions !Sec. III B 2". Results are presented in Sec. IV and
discussed in Sec. V.

II. EXPERIMENTS

A natural gem-quality red spinel single crystal from
Mogok !Burma", with composition
!Mg0.95Fe0.01"0.96!Al2.02Cr0.01"2.03O4, was investigated !for
details, see Ref. 15". The single crystal was cut along the
!110" plane !plotted in red on Fig. 1" and orientated accord-
ing to the Laue method.

Cr K-edge !5989 eV" XAS spectra were collected at room
temperature at beamline ID26 of the European Synchrotron
Radiation Facility !Grenoble, France".23 The energy of the
incident radiation was selected using a pair of He-cooled Si
crystals with !111" orientation. The spot size on the sample
was approximately 250!50 "m2. The orientated sample

FIG. 1. !Color online" Cubic cell of the spinel structure and
experimental setup. The four equivalent octahedral sites are labeled
according to the coordinates given in Table I. Site distortion has
been slightly exaggerated for clarity. The sample is cut along the
!110" plane !red" and rotated along the #110$ direction, while ε̂ and
k̂ are fixed in the laboratory system. The figure corresponds to the
experimental setup taken as starting point !#rot=0°". For this con-
figuration, the #001$ axis of the cube is in the vertical plane, per-
pendicular to ε̂= #010$ and k̂= #1̄00$.

TABLE I. Coordinates of Cr atom and direction of site distortion for the four equivalent substitutional
sites belonging to the rhombohedral unit cell. We also give the coordinates of the 12 other sites obtained from
the previous by the three translations of the fcc lattice !see text and Fig. 1".

Site
identification

Direction of
site distortion

Cr coordinates
in rhombohedral unit cell

Cr coordinates
in cubic cell

A #1̄11$ ! 1
2 , 1

4 , 1
4 " ! 1

2 , 3
4 , 3

4 ", !0, 3
4 , 1

4 ", !0, 1
4 , 3

4 "

B #111̄$ ! 1
4 , 1

4 , 1
2 " ! 3

4 , 3
4 , 1

2 ", ! 1
4 , 3

4 ,0", ! 3
4 , 1

4 ,0"
C #111$ ! 1

2 , 1
2 , 1

2 " !0,0 , 1
2 ", !0, 1

2 ,0", ! 1
2 ,0 ,0"

D #11̄1$ ! 1
4 , 1

2 , 1
4 " ! 3

4 , 1
2 , 3

4 ", ! 1
4 ,0 , 3

4 ", ! 3
4 ,0 , 1

4 "
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The angular dependence !x-ray linear dichroism" of the Cr K pre-edge in MgAl2O4:Cr3+ spinel is measured
by means of x-ray absorption near-edge structure spectroscopy and compared to calculations based on density
functional theory !DFT" and ligand field multiplet !LFM" theory. We also present an efficient method, based on
symmetry considerations, to compute the dichroism of the cubic crystal starting from the dichroism of a single
substitutional site. DFT shows that the electric dipole transitions do not contribute to the features visible in the
pre-edge and provides a clear vision of the assignment of the 1s→3d transitions. However, DFT is unable to
reproduce quantitatively the angular dependence of the pre-edge, which is, on the other side, well reproduced
by LFM calculations. The most relevant factors determining the dichroism of Cr K pre-edge are identified as
the site distortion and 3d-3d electronic repulsion. From this combined DFT, LFM approach is concluded that
when the pre-edge features are more intense than 4% of the edge jump, pure quadrupole transitions cannot
explain alone the origin of the pre-edge. Finally, the shape of the dichroic signal is more sensitive than the
isotropic spectrum to the trigonal distortion of the substitutional site. This suggests the possibility to obtain
quantitative information on site distortion from the x-ray linear dichroism by performing angular dependent
measurements on single crystals.
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I. INTRODUCTION

Transition metal elements play an essential role in physics
!magnetic materials, superconductors, etc.", coordination
chemistry !catalysis and metalloproteins", or geophysics !3d
elements are major constituents of the Earth and planets". To
understand the properties that transition elements impart to
the materials they are inserted in, x-ray absorption near-edge
structure !XANES" spectroscopy has been widely used since
it provides unique information on their local surrounding and
electronic structure. In particular, the position and intensity
of the localized transitions observed at the K pre-edge !1s
→3d transitions" are sensitive to the cation oxidation state,
the geometry of its environment !coordination number and
symmetry", and the degree of admixture between p and d
orbitals. For example, the shape and area of the pre-edge are
commonly used to quantify the redox states of transition el-
ements in crystals, glasses, and coordination complexes by
comparison to those recorded on reference compounds.1–3

However, it is not straightforward to obtain this kind of in-
formation on single crystals. Indeed, it is well known that the
XANES spectra of noncubic crystals show an angular depen-
dence when the polarization and the direction of the incident
x-ray beam !here, designated as unit vectors, ε̂ and k̂, re-
spectively" are varied. For cubic crystals, the problem may
seem at first sight more simple. Electric dipole transitions
!e.g., 1s→p transitions" are isotropic. They contribute
mainly not only to the edge but also to the pre-edge if one of
the three following situations is encountered: !i" there is p-d
intrasite hybridization !e.g., the crystallographic site does not
show an inversion center", !ii" the thermally activated vibra-
tions remove the inversion center, and !iii" there is p-d inter-

site hybridization !in samples highly concentrated in the in-
vestigated element". Electric quadrupole transitions are
anisotropic and the cubic crystal thus shows an angular de-
pendence. The information carried by the pre-edge features
can be derived for cubic crystals by taking advantage of this
angular dependence. In particular, the respective proportion
of electric dipole and electric quadrupole transitions in the
pre-edge can be derived by measuring XANES spectra for
various known orientations !ε̂ , k̂" of the incident beam.4 In
addition, the symmetry of the crystallographic sites, which
host the investigated element, is often a subgroup of the cu-
bic group. The number of equivalent sites is given by the
ratio of the multiplicity of the space group and the multiplic-
ity of the point group. The XANES spectrum of the cubic
crystal is thus the average over the equivalent sites of the
individual site spectra. Hence, the derivation of structural
and electronic information for a single site is not straightfor-
ward, which makes the use of group theory and theoretical
computations mandatory.

Among cubic oxides, spinels have attracted considerable
interest for their optical, electronic, mechanical, and mag-
netic properties.5–7 In the Earth’s interior, the formation of
silicate spinels has major geophysical implications.8 More
specifically, MgAl2O4 spinels are used in a broad range of
applications, including optically transparent materials, cata-
lyst supports, nuclear waste management, and cement
castables.9–12 Cr3+ often substitutes for Al3+ in MgAl2O4,
which causes a red color and makes natural Cr spinels valu-
able gemstones. Cr3+ is intentionally added to high-
temperature refractory materials to improve their thermal and
mechanical properties.13 In MgAl2O4 spinel !Fd3̄m space-
group symmetry", Al3+ cations occur at octahedral sites,
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I. INTRODUCTION

Transition metal elements play an essential role in physics
!magnetic materials, superconductors, etc.", coordination
chemistry !catalysis and metalloproteins", or geophysics !3d
elements are major constituents of the Earth and planets". To
understand the properties that transition elements impart to
the materials they are inserted in, x-ray absorption near-edge
structure !XANES" spectroscopy has been widely used since
it provides unique information on their local surrounding and
electronic structure. In particular, the position and intensity
of the localized transitions observed at the K pre-edge !1s
→3d transitions" are sensitive to the cation oxidation state,
the geometry of its environment !coordination number and
symmetry", and the degree of admixture between p and d
orbitals. For example, the shape and area of the pre-edge are
commonly used to quantify the redox states of transition el-
ements in crystals, glasses, and coordination complexes by
comparison to those recorded on reference compounds.1–3

However, it is not straightforward to obtain this kind of in-
formation on single crystals. Indeed, it is well known that the
XANES spectra of noncubic crystals show an angular depen-
dence when the polarization and the direction of the incident
x-ray beam !here, designated as unit vectors, ε̂ and k̂, re-
spectively" are varied. For cubic crystals, the problem may
seem at first sight more simple. Electric dipole transitions
!e.g., 1s→p transitions" are isotropic. They contribute
mainly not only to the edge but also to the pre-edge if one of
the three following situations is encountered: !i" there is p-d
intrasite hybridization !e.g., the crystallographic site does not
show an inversion center", !ii" the thermally activated vibra-
tions remove the inversion center, and !iii" there is p-d inter-

site hybridization !in samples highly concentrated in the in-
vestigated element". Electric quadrupole transitions are
anisotropic and the cubic crystal thus shows an angular de-
pendence. The information carried by the pre-edge features
can be derived for cubic crystals by taking advantage of this
angular dependence. In particular, the respective proportion
of electric dipole and electric quadrupole transitions in the
pre-edge can be derived by measuring XANES spectra for
various known orientations !ε̂ , k̂" of the incident beam.4 In
addition, the symmetry of the crystallographic sites, which
host the investigated element, is often a subgroup of the cu-
bic group. The number of equivalent sites is given by the
ratio of the multiplicity of the space group and the multiplic-
ity of the point group. The XANES spectrum of the cubic
crystal is thus the average over the equivalent sites of the
individual site spectra. Hence, the derivation of structural
and electronic information for a single site is not straightfor-
ward, which makes the use of group theory and theoretical
computations mandatory.

Among cubic oxides, spinels have attracted considerable
interest for their optical, electronic, mechanical, and mag-
netic properties.5–7 In the Earth’s interior, the formation of
silicate spinels has major geophysical implications.8 More
specifically, MgAl2O4 spinels are used in a broad range of
applications, including optically transparent materials, cata-
lyst supports, nuclear waste management, and cement
castables.9–12 Cr3+ often substitutes for Al3+ in MgAl2O4,
which causes a red color and makes natural Cr spinels valu-
able gemstones. Cr3+ is intentionally added to high-
temperature refractory materials to improve their thermal and
mechanical properties.13 In MgAl2O4 spinel !Fd3̄m space-
group symmetry", Al3+ cations occur at octahedral sites,
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which exhibit D3d !or 3̄m" symmetry and build chains
aligned along the six twofold axis of the cubic structure.14

The number of equivalent octahedral sites in the unit cell is
four, denoted hereafter as sites A, B, C, and D, depending on
their direction of distortion, either #1̄11$, #111̄$, #111$, or
#11̄1$, respectively !Fig. 1 and Table. I". During the Al to Cr
substitution, the local D3d symmetry is retained and the re-
laxed Cr site remains centrosymmetric, which indicates the
absence of Cr 3d-4p mixing.15 Hence, the K pre-edge fea-
tures arise from pure electric quadrupole transitions !1s
→3d" but an experimental evidence of this is still lacking.
As the Cr site remains distorted in the same direction as for
the Al site, four equivalent relaxed sites are available for Cr.
Hence, the electric dipole and electric quadrupole absorption
cross sections, for a given single-crystal configuration, are
expected to be different for a Cr impurity located at sites A,

B, C, or D since their orientations with respect to the incident
beam are different.

In this paper, we compare the experimental angular de-
pendence of the Cr K pre-edge MgAl2O4:Cr3+ to those ob-
tained by theoretical calculations, combining a monoelec-
tronic approach based on density functional theory !DFT"
and multielectronic methods based on the ligand field multi-
plet !LFM" theory. The monoelectronic approach is usually
dedicated to the study of delocalized final states !e.g., the
calculation of K-edge spectra" but has also provided satisfac-
tory results for the study of Ti K pre-edge in TiO2 and
SrTiO3 !Refs. 16–19" and also for the study of Fe K pre-edge
in FeS2.20 The multielectronic approach, usually dedicated to
the study of localized final states !e.g., K pre-edge and L2,3
edges of 3d transition elements", has been successfully ap-
plied to the case of K pre-edge in several systems.21,22 Our
aim is to determine the factors !site distortion and electronic
interactions" prevailing at the angular dependence of Cr K
pre-edge in spinel and to provide a comparison between the
monoelectronic and multielectronic approaches. We also
present a powerful method, based on symmetry consider-
ations, to reduce the number of calculations needed to recon-
struct the angular dependence of the cubic crystal from that
of a single site. The paper is organized as follows. Section II
is dedicated to the experimental work, including the sample
description, the x-ray absorption measurements, and analy-
sis. Section III is devoted to the computational work, includ-
ing the theoretical framework !Sec. III A" and the details of
DFT calculations !Sec. III B 1" and of the multiplet calcula-
tions !Sec. III B 2". Results are presented in Sec. IV and
discussed in Sec. V.

II. EXPERIMENTS

A natural gem-quality red spinel single crystal from
Mogok !Burma", with composition
!Mg0.95Fe0.01"0.96!Al2.02Cr0.01"2.03O4, was investigated !for
details, see Ref. 15". The single crystal was cut along the
!110" plane !plotted in red on Fig. 1" and orientated accord-
ing to the Laue method.

Cr K-edge !5989 eV" XAS spectra were collected at room
temperature at beamline ID26 of the European Synchrotron
Radiation Facility !Grenoble, France".23 The energy of the
incident radiation was selected using a pair of He-cooled Si
crystals with !111" orientation. The spot size on the sample
was approximately 250!50 "m2. The orientated sample

FIG. 1. !Color online" Cubic cell of the spinel structure and
experimental setup. The four equivalent octahedral sites are labeled
according to the coordinates given in Table I. Site distortion has
been slightly exaggerated for clarity. The sample is cut along the
!110" plane !red" and rotated along the #110$ direction, while ε̂ and
k̂ are fixed in the laboratory system. The figure corresponds to the
experimental setup taken as starting point !#rot=0°". For this con-
figuration, the #001$ axis of the cube is in the vertical plane, per-
pendicular to ε̂= #010$ and k̂= #1̄00$.

TABLE I. Coordinates of Cr atom and direction of site distortion for the four equivalent substitutional
sites belonging to the rhombohedral unit cell. We also give the coordinates of the 12 other sites obtained from
the previous by the three translations of the fcc lattice !see text and Fig. 1".

Site
identification

Direction of
site distortion

Cr coordinates
in rhombohedral unit cell

Cr coordinates
in cubic cell

A #1̄11$ ! 1
2 , 1

4 , 1
4 " ! 1

2 , 3
4 , 3

4 ", !0, 3
4 , 1

4 ", !0, 1
4 , 3

4 "

B #111̄$ ! 1
4 , 1

4 , 1
2 " ! 3

4 , 3
4 , 1

2 ", ! 1
4 , 3

4 ,0", ! 3
4 , 1

4 ,0"
C #111$ ! 1

2 , 1
2 , 1

2 " !0,0 , 1
2 ", !0, 1

2 ,0", ! 1
2 ,0 ,0"

D #11̄1$ ! 1
4 , 1

2 , 1
4 " ! 3

4 , 1
2 , 3

4 ", ! 1
4 ,0 , 3

4 ", ! 3
4 ,0 , 1

4 "

JUHIN et al. PHYSICAL REVIEW B 78, 195103 !2008"

195103-2
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example 3 

F d 3̄m O7
h m 3̄m Cubic

No. 227 F 41/d 3̄ 2/m Patterson symmetry F m 3̄m

ORIGIN CHOICE 2

Origin at centre (3̄m), at 1
8 ,

1
8 ,

1
8 from 4̄3m

Asymmetric unit − 1
8 ≤ x ≤ 3

8 ; − 1
8 ≤ y ≤ 0; − 1

4 ≤ z ≤ 0; y ≤ min( 1
4 − x,x); −y− 1

4 ≤ z ≤ y
Vertices − 1

8 ,− 1
8 ,− 1

8
3
8 ,− 1

8 ,− 1
8

1
4 ,0,0 0,0,0 1

4 ,0,− 1
4 0,0,− 1

4

Symmetry operations
(given on page 703)

700

CONTINUED No. 227 F d 3̄m

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t(0, 1
2 ,

1
2 ); t( 1

2 ,0, 1
2 ); (2); (3); (5); (13); (25)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ (0, 1
2 ,

1
2)+ ( 1

2 ,0, 1
2 )+ ( 1

2 ,
1
2 ,0)+

Reflection conditions

h,k, l permutable
General:

192 i 1 (1) x,y,z (2) x̄ + 3
4 , ȳ + 1

4 ,z+ 1
2 (3) x̄ + 1

4 ,y + 1
2 , z̄+ 3

4 (4) x + 1
2 , ȳ+ 3

4 , z̄+ 1
4

(5) z,x,y (6) z+ 1
2 , x̄ + 3

4 , ȳ + 1
4 (7) z̄+ 3

4 , x̄ + 1
4 ,y + 1

2 (8) z̄+ 1
4 ,x + 1

2 , ȳ+ 3
4

(9) y,z,x (10) ȳ+ 1
4 ,z+ 1

2 , x̄ + 3
4 (11) y + 1

2 , z̄+ 3
4 , x̄ + 1

4 (12) ȳ+ 3
4 , z̄+ 1

4 ,x + 1
2

(13) y + 3
4 ,x + 1

4 , z̄+ 1
2 (14) ȳ, x̄, z̄ (15) y + 1

4 , x̄ + 1
2 ,z+ 3

4 (16) ȳ+ 1
2 ,x + 3

4 ,z+ 1
4

(17) x + 3
4 ,z+ 1

4 , ȳ+ 1
2 (18) x̄ + 1

2 ,z+ 3
4 ,y + 1

4 (19) x̄, z̄, ȳ (20) x + 1
4 , z̄+ 1

2 ,y + 3
4

(21) z+ 3
4 ,y + 1

4 , x̄ + 1
2 (22) z+ 1

4 , ȳ + 1
2 ,x + 3

4 (23) z̄+ 1
2 ,y + 3

4 ,x + 1
4 (24) z̄, ȳ, x̄

(25) x̄, ȳ, z̄ (26) x + 1
4 ,y + 3

4 , z̄+ 1
2 (27) x + 3

4 , ȳ+ 1
2 ,z+ 1

4 (28) x̄+ 1
2 ,y + 1

4 ,z+ 3
4

(29) z̄, x̄, ȳ (30) z̄+ 1
2 ,x + 1

4 ,y + 3
4 (31) z+ 1

4 ,x + 3
4 , ȳ + 1

2 (32) z+ 3
4 , x̄ + 1

2 ,y + 1
4

(33) ȳ, z̄, x̄ (34) y + 3
4 , z̄+ 1

2 ,x + 1
4 (35) ȳ + 1

2 ,z+ 1
4 ,x + 3

4 (36) y + 1
4 ,z+ 3

4 , x̄ + 1
2

(37) ȳ+ 1
4 , x̄ + 3

4 ,z+ 1
2 (38) y,x,z (39) ȳ + 3

4 ,x + 1
2 , z̄+ 1

4 (40) y + 1
2 , x̄+ 1

4 , z̄+ 3
4

(41) x̄+ 1
4 , z̄+ 3

4 ,y + 1
2 (42) x + 1

2 , z̄+ 1
4 , ȳ + 3

4 (43) x,z,y (44) x̄+ 3
4 ,z+ 1

2 , ȳ+ 1
4

(45) z̄+ 1
4 , ȳ + 3

4 ,x + 1
2 (46) z̄+ 3

4 ,y + 1
2 , x̄ + 1

4 (47) z+ 1
2 , ȳ+ 1

4 , x̄ + 3
4 (48) z,y,x

hkl : h + k = 2n and
h + l,k + l = 2n

0kl : k + l = 4n and
k, l = 2n

hhl : h + l = 2n
h00 : h = 4n

Special: as above, plus

96 h . . 2 0,y, ȳ 3
4 , ȳ+ 1

4 , ȳ + 1
2

1
4 ,y + 1

2 ,y + 3
4

1
2 , ȳ + 3

4 ,y + 1
4

ȳ,0,y ȳ + 1
2 ,

3
4 , ȳ + 1

4 y + 3
4 ,

1
4 ,y + 1

2 y + 1
4 ,

1
2 , ȳ + 3

4

y, ȳ,0 ȳ + 1
4 , ȳ + 1

2 ,
3
4 y + 1

2 ,y + 3
4 ,

1
4 ȳ + 3

4 ,y + 1
4 ,

1
2

0, ȳ,y 1
4 ,y + 3

4 ,y + 1
2

3
4 , ȳ + 1

2 , ȳ + 1
4

1
2 ,y + 1

4 , ȳ + 3
4

y,0, ȳ y + 1
2 ,

1
4 ,y + 3

4 ȳ + 1
4 ,

3
4 , ȳ + 1

2 ȳ + 3
4 ,

1
2 ,y + 1

4

ȳ,y,0 y + 3
4 ,y + 1

2 ,
1
4 ȳ + 1

2 , ȳ + 1
4 ,

3
4 y + 1

4 , ȳ + 3
4 ,

1
2

no extra conditions

96 g . . m x,x,z x̄ + 3
4 , x̄+ 1

4 ,z+ 1
2 x̄+ 1

4 ,x + 1
2 , z̄+ 3

4 x + 1
2 , x̄ + 3

4 , z̄+ 1
4

z,x,x z+ 1
2 , x̄ + 3

4 , x̄ + 1
4 z̄+ 3

4 , x̄ + 1
4 ,x + 1

2 z̄+ 1
4 ,x + 1

2 , x̄ + 3
4

x,z,x x̄ + 1
4 ,z+ 1

2 , x̄ + 3
4 x + 1

2 , z̄+ 3
4 , x̄ + 1

4 x̄ + 3
4 , z̄+ 1

4 ,x + 1
2

x + 3
4 ,x + 1

4 , z̄+ 1
2 x̄, x̄, z̄ x + 1

4 , x̄ + 1
2 ,z+ 3

4 x̄ + 1
2 ,x + 3

4 ,z+ 1
4

x + 3
4 ,z+ 1

4 , x̄ + 1
2 x̄ + 1

2 ,z+ 3
4 ,x + 1

4 x̄, z̄, x̄ x + 1
4 , z̄+ 1

2 ,x + 3
4

z+ 3
4 ,x + 1

4 , x̄ + 1
2 z+ 1

4 , x̄ + 1
2 ,x + 3

4 z̄+ 1
2 ,x + 3

4 ,x + 1
4 z̄, x̄, x̄

no extra conditions

48 f 2 . mm x, 1
8 ,

1
8 x̄+ 3

4 ,
1
8 ,

5
8

1
8 ,x,

1
8

5
8 , x̄ + 3

4 ,
1
8

1
8 ,

1
8 ,x

1
8 ,

5
8 , x̄ + 3

4
7
8 ,x + 1

4 ,
3
8

7
8 , x̄,

7
8 x + 3

4 ,
3
8 ,

3
8 x̄ + 1

2 ,
7
8 ,

3
8

7
8 ,

3
8 , x̄ + 1

2
3
8 ,

3
8 ,x + 3

4

hkl : h = 2n + 1
or h + k + l = 4n

32 e . 3 m x,x,x x̄ + 3
4 , x̄ + 1

4 ,x + 1
2

x̄+ 1
4 ,x + 1

2 , x̄ + 3
4 x + 1

2 , x̄ + 3
4 , x̄ + 1

4

x + 3
4 ,x + 1

4 , x̄ + 1
2 x̄, x̄, x̄

x + 1
4 , x̄ + 1

2 ,x + 3
4 x̄ + 1

2 ,x + 3
4 ,x + 1

4

no extra conditions

16 d . 3̄ m 1
2 ,

1
2 ,

1
2

1
4 ,

3
4 ,0

3
4 ,0, 1

4 0, 1
4 ,

3
4

16 c . 3̄ m 0,0,0 3
4 ,

1
4 ,

1
2

1
4 ,

1
2 ,

3
4

1
2 ,

3
4 ,

1
4

}
hkl : h = 2n + 1

or h,k, l = 4n + 2
or h,k, l = 4n

8 b 4̄ 3 m 3
8 ,

3
8 ,

3
8

1
8 ,

5
8 ,

1
8

8 a 4̄ 3 m 1
8 ,

1
8 ,

1
8

7
8 ,

3
8 ,

3
8

}
hkl : h = 2n + 1

or h + k + l = 4n

Symmetry of special projections
Along [001] p4mm
a′ = 1

4(a−b) b′ = 1
4 (a + b)

Origin at 1
8 ,

3
8 ,z

Along [111] p6mm
a′ = 1

6 (2a−b− c) b′ = 1
6 (−a + 2b− c)

Origin at x,x,x

Along [110] c2mm
a′ = 1

2(−a + b) b′ = c
Origin at x,x,0

701

Extract of the space-group table of spinel

CGE 2024- Delphine Cabaret 11

Objectives: what you should know at the end of the course



P21/c C5
2h 2/m Monoclinic

No. 14 P121/c1 Patterson symmetry P12/m1

UNIQUE AXIS b, CELL CHOICE 1

Origin at 1̄

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1
4 ; 0 ≤ z ≤ 1

Symmetry operations

(1) 1 (2) 2(0, 1
2 ,0) 0,y, 1

4 (3) 1̄ 0,0,0 (4) c x, 1
4 ,z

184

International Tables for Crystallography (2006). Vol. A, Space group 14, pp. 184–191.

Copyright  2006 International Union of Crystallography

example 1 

Space-group table of the Li-borate
CONTINUED No. 14 P21/c

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

4 e 1 (1) x,y,z (2) x̄,y + 1
2 , z̄+ 1

2 (3) x̄, ȳ, z̄ (4) x, ȳ+ 1
2 ,z+ 1

2 h0l : l = 2n
0k0 : k = 2n
00l : l = 2n

Special: as above, plus

2 d 1̄ 1
2 ,0, 1

2
1
2 ,

1
2 ,0 hkl : k + l = 2n

2 c 1̄ 0,0, 1
2 0, 1

2 ,0 hkl : k + l = 2n

2 b 1̄ 1
2 ,0,0 1

2 ,
1
2 ,

1
2 hkl : k + l = 2n

2 a 1̄ 0,0,0 0, 1
2 ,

1
2 hkl : k + l = 2n

Symmetry of special projections
Along [001] p2gm
a′ = ap b′ = b
Origin at 0,0,z

Along [100] p2gg
a′ = b b′ = cp

Origin at x,0,0

Along [010] p2
a′ = 1

2 c b′ = a
Origin at 0,y,0

Maximal non-isomorphic subgroups
I [2] P1c1 (Pc, 7) 1; 4

[2] P121 1 (P21, 4) 1; 2
[2] P 1̄ (2) 1; 3

IIa none
IIb none

Maximal isomorphic subgroups of lowest index
IIc [2] P121/c1 (a′ = 2a or a′ = 2a,c′ = 2a + c) (P21/c, 14); [3] P121/c1 (b′ = 3b) (P21/c, 14)

Minimal non-isomorphic supergroups
I [2] Pnna (52); [2] Pmna (53); [2] Pcca (54); [2] Pbam (55); [2] Pccn (56); [2] Pbcm (57); [2] Pnnm (58); [2] Pbcn (60);

[2] Pbca (61); [2] Pnma (62); [2] C mce (64)
II [2] A12/m1 (C 2/m, 12); [2] C 12/c1 (C 2/c, 15); [2] I 12/c1 (C 2/c, 15); [2] P121/m1 (c′ = 1

2 c) (P21/m, 11);
[2] P12/c1 (b′ = 1

2 b) (P2/c, 13)

185

CGE 2024- Delphine Cabaret 12

Objectives: what you should know at the end of the course



Course outline

CGE 2024- Delphine Cabaret 13

13 – The 230 space-groups

1- Symmetry observation in natural crystals
2- Internal cause of the natural crystal shape

3 – Crystal lattice, cell, motif
4 – Lattice direction and planes
5 – Reciprocal lattice

6 – Crystal lattice & symmetries
7 – Conventional cell (unit cell)

10 – The 32 crystallographic point groups

8 – Stereographic projection
9 – Roto-inversions

11 – The 7 crystal systems
12 – The 14 Bravais lattices

6
m
mm

P6/mcc D2
6h 6/mmm Hexagonal

No. 192 P 6/m 2/c 2/c Patterson symmetry P6/mmm

Origin at centre (6/m) at 6/mcc

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
4 ; x ≤ (1 + y)/2; y ≤ min(1− x,x)

Vertices 0,0,0 1
2 ,0,0 2

3 ,
1
3 ,0

1
2 ,

1
2 ,0

0,0, 1
4

1
2 ,0, 1

4
2
3 ,

1
3 ,

1
4

1
2 ,

1
2 ,

1
4

Symmetry operations

(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z
(4) 2 0,0,z (5) 6− 0,0,z (6) 6+ 0,0,z
(7) 2 x,x, 1

4 (8) 2 x,0, 1
4 (9) 2 0,y, 1

4

(10) 2 x, x̄, 1
4 (11) 2 x,2x, 1

4 (12) 2 2x,x, 1
4

(13) 1̄ 0,0,0 (14) 3̄+ 0,0,z; 0,0,0 (15) 3̄− 0,0,z; 0,0,0
(16) m x,y,0 (17) 6̄− 0,0,z; 0,0,0 (18) 6̄+ 0,0,z; 0,0,0
(19) c x, x̄,z (20) c x,2x,z (21) c 2x,x,z
(22) c x,x,z (23) c x,0,z (24) c 0,y,z

Maximal non-isomorphic subgroups
I [2] P 6̄2c (190) 1; 2; 3; 7; 8; 9; 16; 17; 18; 22; 23; 24

[2] P 6̄c2 (188) 1; 2; 3; 10; 11; 12; 16; 17; 18; 19; 20; 21
[2] P6cc (184) 1; 2; 3; 4; 5; 6; 19; 20; 21; 22; 23; 24
[2] P622 (177) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12
[2] P6/m11 (P6/m, 175) 1; 2; 3; 4; 5; 6; 13; 14; 15; 16; 17; 18
[2] P 3̄c1 (165) 1; 2; 3; 7; 8; 9; 13; 14; 15; 19; 20; 21
[2] P 3̄1c (163) 1; 2; 3; 10; 11; 12; 13; 14; 15; 22; 23; 24{
[3] Pmcc (C ccm, 66) 1; 4; 7; 10; 13; 16; 19; 22
[3] Pmcc (C ccm, 66) 1; 4; 8; 11; 13; 16; 20; 23
[3] Pmcc (C ccm, 66) 1; 4; 9; 12; 13; 16; 21; 24

IIa none
IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] P6/mcc (c′ = 3c) (192); [3] H 6/mcc (a′ = 3a,b′ = 3b) (P6/mcc, 192)

Minimal non-isomorphic supergroups
I none
II [2] P6/mmm (c′ = 1

2 c) (191)

596

International Tables for Crystallography (2006). Vol. A, Space group 192, pp. 596–597.
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Plan du cours

CGE 2024- Delphine Cabaret 14

13 – Les 230 groupes d’espace

1- Observation des symétries des cristaux naturels
2- Cause interne de la forme des cristaux naturels

3 - Réseau, maille, motif
4 – Rangées et plans réticulaires
5 – Réseau réciproque

6 - Réseau et symétries
7 - Maille conventionnelle

10 – Les 32 groupes ponctuels cristallographiques

8 – Projection stéréographique
9 – Roto-inversions

11 – Les 7 systèmes cristallins
12 – Les 14 réseaux de Bravais

6
m
mm

P6/mcc D2
6h 6/mmm Hexagonal

No. 192 P 6/m 2/c 2/c Patterson symmetry P6/mmm

Origin at centre (6/m) at 6/mcc

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
4 ; x ≤ (1 + y)/2; y ≤ min(1− x,x)

Vertices 0,0,0 1
2 ,0,0 2

3 ,
1
3 ,0

1
2 ,

1
2 ,0

0,0, 1
4

1
2 ,0, 1

4
2
3 ,

1
3 ,

1
4

1
2 ,

1
2 ,

1
4

Symmetry operations

(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z
(4) 2 0,0,z (5) 6− 0,0,z (6) 6+ 0,0,z
(7) 2 x,x, 1

4 (8) 2 x,0, 1
4 (9) 2 0,y, 1

4

(10) 2 x, x̄, 1
4 (11) 2 x,2x, 1

4 (12) 2 2x,x, 1
4

(13) 1̄ 0,0,0 (14) 3̄+ 0,0,z; 0,0,0 (15) 3̄− 0,0,z; 0,0,0
(16) m x,y,0 (17) 6̄− 0,0,z; 0,0,0 (18) 6̄+ 0,0,z; 0,0,0
(19) c x, x̄,z (20) c x,2x,z (21) c 2x,x,z
(22) c x,x,z (23) c x,0,z (24) c 0,y,z

Maximal non-isomorphic subgroups
I [2] P 6̄2c (190) 1; 2; 3; 7; 8; 9; 16; 17; 18; 22; 23; 24

[2] P 6̄c2 (188) 1; 2; 3; 10; 11; 12; 16; 17; 18; 19; 20; 21
[2] P6cc (184) 1; 2; 3; 4; 5; 6; 19; 20; 21; 22; 23; 24
[2] P622 (177) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12
[2] P6/m11 (P6/m, 175) 1; 2; 3; 4; 5; 6; 13; 14; 15; 16; 17; 18
[2] P 3̄c1 (165) 1; 2; 3; 7; 8; 9; 13; 14; 15; 19; 20; 21
[2] P 3̄1c (163) 1; 2; 3; 10; 11; 12; 13; 14; 15; 22; 23; 24{
[3] Pmcc (C ccm, 66) 1; 4; 7; 10; 13; 16; 19; 22
[3] Pmcc (C ccm, 66) 1; 4; 8; 11; 13; 16; 20; 23
[3] Pmcc (C ccm, 66) 1; 4; 9; 12; 13; 16; 21; 24

IIa none
IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] P6/mcc (c′ = 3c) (192); [3] H 6/mcc (a′ = 3a,b′ = 3b) (P6/mcc, 192)

Minimal non-isomorphic supergroups
I none
II [2] P6/mmm (c′ = 1

2 c) (191)

596
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Course outline
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13 – The 230 space-groups

1- Symmetry observation in natural crystals
2- Internal cause of the natural crystal shape

3 – Crystal lattice, cell, motif
4 – Lattice direction and planes
5 – Reciprocal lattice

6 – Crystal lattice & symmetries
7 – Conventional cell (unit cell)

10 – The 32 crystallographic point groups

8 – Stereographic projection
9 – Roto-inversions

11 – The 7 crystal systems
12 – The 14 Bravais lattices

6
m
mm

P6/mcc D2
6h 6/mmm Hexagonal

No. 192 P 6/m 2/c 2/c Patterson symmetry P6/mmm

Origin at centre (6/m) at 6/mcc

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
4 ; x ≤ (1 + y)/2; y ≤ min(1− x,x)

Vertices 0,0,0 1
2 ,0,0 2

3 ,
1
3 ,0

1
2 ,

1
2 ,0

0,0, 1
4

1
2 ,0, 1

4
2
3 ,

1
3 ,

1
4

1
2 ,

1
2 ,

1
4

Symmetry operations

(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z
(4) 2 0,0,z (5) 6− 0,0,z (6) 6+ 0,0,z
(7) 2 x,x, 1

4 (8) 2 x,0, 1
4 (9) 2 0,y, 1

4

(10) 2 x, x̄, 1
4 (11) 2 x,2x, 1

4 (12) 2 2x,x, 1
4

(13) 1̄ 0,0,0 (14) 3̄+ 0,0,z; 0,0,0 (15) 3̄− 0,0,z; 0,0,0
(16) m x,y,0 (17) 6̄− 0,0,z; 0,0,0 (18) 6̄+ 0,0,z; 0,0,0
(19) c x, x̄,z (20) c x,2x,z (21) c 2x,x,z
(22) c x,x,z (23) c x,0,z (24) c 0,y,z

Maximal non-isomorphic subgroups
I [2] P 6̄2c (190) 1; 2; 3; 7; 8; 9; 16; 17; 18; 22; 23; 24

[2] P 6̄c2 (188) 1; 2; 3; 10; 11; 12; 16; 17; 18; 19; 20; 21
[2] P6cc (184) 1; 2; 3; 4; 5; 6; 19; 20; 21; 22; 23; 24
[2] P622 (177) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12
[2] P6/m11 (P6/m, 175) 1; 2; 3; 4; 5; 6; 13; 14; 15; 16; 17; 18
[2] P 3̄c1 (165) 1; 2; 3; 7; 8; 9; 13; 14; 15; 19; 20; 21
[2] P 3̄1c (163) 1; 2; 3; 10; 11; 12; 13; 14; 15; 22; 23; 24{
[3] Pmcc (C ccm, 66) 1; 4; 7; 10; 13; 16; 19; 22
[3] Pmcc (C ccm, 66) 1; 4; 8; 11; 13; 16; 20; 23
[3] Pmcc (C ccm, 66) 1; 4; 9; 12; 13; 16; 21; 24

IIa none
IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] P6/mcc (c′ = 3c) (192); [3] H 6/mcc (a′ = 3a,b′ = 3b) (P6/mcc, 192)

Minimal non-isomorphic supergroups
I none
II [2] P6/mmm (c′ = 1

2 c) (191)
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aqua-marine

garnet
fluorine

CaF2

halite NaCl

Crédits photos : Collection de Minéraux de Sorbonne Université
CGE 2024- Delphine Cabaret 16

1- Symmetry observation in natural crystals
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Highlighting mirror planes 

1- Symmetry observation in natural crystals

aquamarine model: 
hexagonal-based straight prism

• 3 mirror planes 
parallel to vertical edges
and cutting the edges of the 
hexagonal base in the middle

• 3 mirror planes 
parallel to the vertical edges and 
joining two corners opposite 
in the hexagonal base



CGE 2024- Delphine Cabaret 18

Highlighting 6-fold rotation axis

1- Symmetry observation in natural crystals

axis A6 or 6

φ =  60 °= 2π
6



Highlighting 4-fold, 3-fold and 2-fold rotation axes

garnet

rhombododecahedron

(12-face polyhedron)

CGE 2024- Delphine Cabaret 19

1- Symmetry observation in natural crystals



axis A2 or 2

φ = 180 °= 2π
2

axis A3 or 3

φ = 120 °= 2π
3

axis A4 or 4

φ =  90 °= 2π
4

CGE 2024- Delphine Cabaret 20

1- Symmetry observation in natural crystals

Highlighting 4-fold, 3-fold and 2-fold rotation axes



centre of  symmetry

C

mirror

M

A2 A3 A4

rotations

A6

aqua-marine

garnet

CGE 2024- Delphine Cabaret 21

1- Symmetry observation in natural crystals
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13 – The 230 space-groups

1- Symmetry observation in natural crystals
2- Internal cause of the natural crystal shape

3 – Crystal lattice, cell, motif
4 – Lattice direction and planes
5 – Reciprocal lattice

6 – Crystal lattice & symmetries
7 – Conventional cell (unit cell)

10 – The 32 crystallographic point groups

8 – Stereographic projection
9 – Roto-inversions

11 – The 7 crystal systems
12 – The 14 Bravais lattices

6
m
mm

P6/mcc D2
6h 6/mmm Hexagonal

No. 192 P 6/m 2/c 2/c Patterson symmetry P6/mmm

Origin at centre (6/m) at 6/mcc

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
4 ; x ≤ (1 + y)/2; y ≤ min(1− x,x)

Vertices 0,0,0 1
2 ,0,0 2

3 ,
1
3 ,0

1
2 ,

1
2 ,0

0,0, 1
4

1
2 ,0, 1

4
2
3 ,

1
3 ,

1
4

1
2 ,

1
2 ,

1
4

Symmetry operations

(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z
(4) 2 0,0,z (5) 6− 0,0,z (6) 6+ 0,0,z
(7) 2 x,x, 1

4 (8) 2 x,0, 1
4 (9) 2 0,y, 1

4

(10) 2 x, x̄, 1
4 (11) 2 x,2x, 1

4 (12) 2 2x,x, 1
4

(13) 1̄ 0,0,0 (14) 3̄+ 0,0,z; 0,0,0 (15) 3̄− 0,0,z; 0,0,0
(16) m x,y,0 (17) 6̄− 0,0,z; 0,0,0 (18) 6̄+ 0,0,z; 0,0,0
(19) c x, x̄,z (20) c x,2x,z (21) c 2x,x,z
(22) c x,x,z (23) c x,0,z (24) c 0,y,z

Maximal non-isomorphic subgroups
I [2] P 6̄2c (190) 1; 2; 3; 7; 8; 9; 16; 17; 18; 22; 23; 24

[2] P 6̄c2 (188) 1; 2; 3; 10; 11; 12; 16; 17; 18; 19; 20; 21
[2] P6cc (184) 1; 2; 3; 4; 5; 6; 19; 20; 21; 22; 23; 24
[2] P622 (177) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12
[2] P6/m11 (P6/m, 175) 1; 2; 3; 4; 5; 6; 13; 14; 15; 16; 17; 18
[2] P 3̄c1 (165) 1; 2; 3; 7; 8; 9; 13; 14; 15; 19; 20; 21
[2] P 3̄1c (163) 1; 2; 3; 10; 11; 12; 13; 14; 15; 22; 23; 24{
[3] Pmcc (C ccm, 66) 1; 4; 7; 10; 13; 16; 19; 22
[3] Pmcc (C ccm, 66) 1; 4; 8; 11; 13; 16; 20; 23
[3] Pmcc (C ccm, 66) 1; 4; 9; 12; 13; 16; 21; 24

IIa none
IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] P6/mcc (c′ = 3c) (192); [3] H 6/mcc (a′ = 3a,b′ = 3b) (P6/mcc, 192)

Minimal non-isomorphic supergroups
I none
II [2] P6/mmm (c′ = 1

2 c) (191)

596

International Tables for Crystallography (2006). Vol. A, Space group 192, pp. 596–597.

Copyright  2006 International Union of Crystallography



René Just Haüy
(1784)

Torbern Bergman
Cleavage of calcite

Rhombohedron

Jean-Baptiste 
Romé de l’Isle

crystal of quartz

120°

120°

120°

120°

120°

120°

Law of constancy of interfacial angles

23CGE 2024- Delphine Cabaret

2- Internal cause of the natural crystal shape



René Just Haüy
(1784)

’’molécule intégrante’’

law of rational decrements

CGE 2024- Delphine Cabaret 24

primitive solid

2- Internal cause of the natural crystal shape
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Gabriel Delafosse

Auguste Bravais 
(1848)

cell

lattice

motif

René Just Haüy
(1784)

‘’molécule intégrante’’

law of rational decrements

primitive solid

2- Internal cause of the natural crystal shape
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13 – The 230 space-groups

1- Symmetry observation in natural crystals
2- Internal cause of the natural crystal shape

3 – Crystal lattice, cell, motif
4 – Lattice direction and planes
5 – Reciprocal lattice

6 – Crystal lattice & symmetries
7 – Conventional cell (unit cell)

10 – The 32 crystallographic point groups

8 – Stereographic projection
9 – Roto-inversions

11 – The 7 crystal systems
12 – The 14 Bravais lattices

6
m
mm

P6/mcc D2
6h 6/mmm Hexagonal

No. 192 P 6/m 2/c 2/c Patterson symmetry P6/mmm

Origin at centre (6/m) at 6/mcc

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
4 ; x ≤ (1 + y)/2; y ≤ min(1− x,x)

Vertices 0,0,0 1
2 ,0,0 2

3 ,
1
3 ,0

1
2 ,

1
2 ,0

0,0, 1
4

1
2 ,0, 1

4
2
3 ,

1
3 ,

1
4

1
2 ,

1
2 ,

1
4

Symmetry operations

(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z
(4) 2 0,0,z (5) 6− 0,0,z (6) 6+ 0,0,z
(7) 2 x,x, 1

4 (8) 2 x,0, 1
4 (9) 2 0,y, 1

4

(10) 2 x, x̄, 1
4 (11) 2 x,2x, 1

4 (12) 2 2x,x, 1
4

(13) 1̄ 0,0,0 (14) 3̄+ 0,0,z; 0,0,0 (15) 3̄− 0,0,z; 0,0,0
(16) m x,y,0 (17) 6̄− 0,0,z; 0,0,0 (18) 6̄+ 0,0,z; 0,0,0
(19) c x, x̄,z (20) c x,2x,z (21) c 2x,x,z
(22) c x,x,z (23) c x,0,z (24) c 0,y,z

Maximal non-isomorphic subgroups
I [2] P 6̄2c (190) 1; 2; 3; 7; 8; 9; 16; 17; 18; 22; 23; 24

[2] P 6̄c2 (188) 1; 2; 3; 10; 11; 12; 16; 17; 18; 19; 20; 21
[2] P6cc (184) 1; 2; 3; 4; 5; 6; 19; 20; 21; 22; 23; 24
[2] P622 (177) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12
[2] P6/m11 (P6/m, 175) 1; 2; 3; 4; 5; 6; 13; 14; 15; 16; 17; 18
[2] P 3̄c1 (165) 1; 2; 3; 7; 8; 9; 13; 14; 15; 19; 20; 21
[2] P 3̄1c (163) 1; 2; 3; 10; 11; 12; 13; 14; 15; 22; 23; 24{
[3] Pmcc (C ccm, 66) 1; 4; 7; 10; 13; 16; 19; 22
[3] Pmcc (C ccm, 66) 1; 4; 8; 11; 13; 16; 20; 23
[3] Pmcc (C ccm, 66) 1; 4; 9; 12; 13; 16; 21; 24

IIa none
IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] P6/mcc (c′ = 3c) (192); [3] H 6/mcc (a′ = 3a,b′ = 3b) (P6/mcc, 192)

Minimal non-isomorphic supergroups
I none
II [2] P6/mmm (c′ = 1

2 c) (191)
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‘’Given any P point in a crystal,  there is in the medium, 
a discrete, unlimited in the 3 directions of space, 
number of points around which the arrangement 
of atoms is the same, with the same orientation, 
as around point P.’’

×

×

×

×

×

×

×

×

×

×

×

×

PAll the points define a lattice. 
The points are called lattice points.

NB: The lattice points do not correspond 
to any physical entity. 
There should be no confusion between
the lattice points and atoms. 

The Bravais postulate

3 – Crystal lattice, cell, motif
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lattice è basis vectors

The lattice is defined, in 3D, by 3 basis vecteurs  "⃗, # and '⃗
that are non colinear.

All the lattice points are obtained by linear combinaison :   

(⃗ = u "⃗ + v # + w '⃗ u, v , w: relative integers

lattice translation

3 – Crystal lattice, cell, motif
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lattice è how to identify a lattice point 

~t = ~a+ ~b+ ~c

~t = �~a+ 2~b

~t = ~a� ~b+ 2~c

è lattice point 111

è lattice point !120

è lattice point 1!12

3 – Crystal lattice, cell, motif
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basis vectors è cell

3 basis vectors: "⃗, # and '⃗

6 parameters:
- 3 lengths ", #, '
- 3 angles a, b et g

volume:
V = (~a,~b,~c) = ~a · (~b⇥ ~c)

<latexit sha1_base64="R/Uut6UfB25XkRBaK4+iNqrNO14="></latexit>

3 – Crystal lattice, cell, motif
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2D cell

2 basis vectors: "⃗ and &

3 parameters:
- 2 lengths ", &
- 1 angle g≥ 90°

O

11

1̄0

20

32̄

γ"⃗
&

S = |~a⇥~b|
<latexit sha1_base64="lvXnE8WjvE4OsoR6jz1eoNilwHs="></latexit>

surface:

3 – Crystal lattice, cell, motif



CGE 2024- Delphine Cabaret 32

motif

motif

3 – Crystal lattice, cell, motif

primitive-cell content

one atom
or a set of atoms

attached to each lattice point
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3 - Réseau, maille, motif

cristal

⌦=

réseau motif⌦=cristal
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crystal

⌦=

lattice motif⌦=crystal

3 – Crystal lattice, cell, motif
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13 – The 230 space-groups

1- Symmetry observation in natural crystals
2- Internal cause of the natural crystal shape

3 – Crystal lattice, cell, motif
4 – Lattice direction and planes
5 – Reciprocal lattice

6 – Crystal lattice & symmetries
7 – Conventional cell (unit cell)

10 – The 32 crystallographic point groups

8 – Stereographic projection
9 – Roto-inversions

11 – The 7 crystal systems
12 – The 14 Bravais lattices

6
m
mm

P6/mcc D2
6h 6/mmm Hexagonal

No. 192 P 6/m 2/c 2/c Patterson symmetry P6/mmm

Origin at centre (6/m) at 6/mcc

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
4 ; x ≤ (1 + y)/2; y ≤ min(1− x,x)

Vertices 0,0,0 1
2 ,0,0 2

3 ,
1
3 ,0

1
2 ,

1
2 ,0

0,0, 1
4

1
2 ,0, 1

4
2
3 ,

1
3 ,

1
4

1
2 ,

1
2 ,

1
4

Symmetry operations

(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z
(4) 2 0,0,z (5) 6− 0,0,z (6) 6+ 0,0,z
(7) 2 x,x, 1

4 (8) 2 x,0, 1
4 (9) 2 0,y, 1

4

(10) 2 x, x̄, 1
4 (11) 2 x,2x, 1

4 (12) 2 2x,x, 1
4

(13) 1̄ 0,0,0 (14) 3̄+ 0,0,z; 0,0,0 (15) 3̄− 0,0,z; 0,0,0
(16) m x,y,0 (17) 6̄− 0,0,z; 0,0,0 (18) 6̄+ 0,0,z; 0,0,0
(19) c x, x̄,z (20) c x,2x,z (21) c 2x,x,z
(22) c x,x,z (23) c x,0,z (24) c 0,y,z

Maximal non-isomorphic subgroups
I [2] P 6̄2c (190) 1; 2; 3; 7; 8; 9; 16; 17; 18; 22; 23; 24

[2] P 6̄c2 (188) 1; 2; 3; 10; 11; 12; 16; 17; 18; 19; 20; 21
[2] P6cc (184) 1; 2; 3; 4; 5; 6; 19; 20; 21; 22; 23; 24
[2] P622 (177) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12
[2] P6/m11 (P6/m, 175) 1; 2; 3; 4; 5; 6; 13; 14; 15; 16; 17; 18
[2] P 3̄c1 (165) 1; 2; 3; 7; 8; 9; 13; 14; 15; 19; 20; 21
[2] P 3̄1c (163) 1; 2; 3; 10; 11; 12; 13; 14; 15; 22; 23; 24{
[3] Pmcc (C ccm, 66) 1; 4; 7; 10; 13; 16; 19; 22
[3] Pmcc (C ccm, 66) 1; 4; 8; 11; 13; 16; 20; 23
[3] Pmcc (C ccm, 66) 1; 4; 9; 12; 13; 16; 21; 24

IIa none
IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] P6/mcc (c′ = 3c) (192); [3] H 6/mcc (a′ = 3a,b′ = 3b) (P6/mcc, 192)

Minimal non-isomorphic supergroups
I none
II [2] P6/mmm (c′ = 1

2 c) (191)

596

International Tables for Crystallography (2006). Vol. A, Space group 192, pp. 596–597.

Copyright  2006 International Union of Crystallography



CGE 2024- Delphine Cabaret 36

lattice direction4 – Lattice direction and planes

A line passing through two lattice points corresponds to a Lattice direction 
à It contains an infinity of lattice points

Indexing directions:

Any line is parallel to a particular line passing through
the origin (which is a lattice point) and through another lattice 
point of coordinates (u, v, w). è lattice direction [uvw]
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lattice direction

lattice direction [021]

4 – Lattice direction and planes
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~b

~a

lattice direction [!320] or [3!20]

O

!320

3!20

in projection along [001]  (here perpendicular to & and ' )

4 – Lattice direction and planes lattice direction
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[100] [010] [001]

4 – Lattice direction and planes lattice direction
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lattice planes
4 – Lattice direction and planes

Lattice plane: any plane passing through 3 non colinear lattice points

àA lattice plane contains an infinity of lattice points and forms a 2D lattice.
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lattice-plane family
4 – Lattice direction and planes

Lattice-plane family: infinity of equidistant and parallel lattice planes.

à A lattice-plane family contains all the lattice points of the 3D lattice.
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4 – Lattice direction and planes

A lattice-plane family is labeled (hkl)

lattice-plane family

h, k and l are Miller indices, 
which are relative prime 
integer numbers.

axis [100] cut in a/1
axis [010] cut in b/2
axis [001] cut in c/3

è lattice-plane family (123)
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4 – Lattice direction and planes
lattice-plane family

(hkl) refers to as the lattice-plane family

such as the plane of the family that is

the closest to the lattice-origin point, 

cuts (Ox) axis in a/h, 

(Oy) axis in b/k and

(Oz) axis in c/l.

�a

�b

projection in plane (a,b)

O x

y

here h = 1, k = -2 et l = 0 
à lattice plane family (120)

A lattice-plane family is labeled (hkl)
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dhkl

4 – Lattice direction and planes

�a

�b

projection in plane (a,b)

O x

y

lattice-plane family

d-spacing: 

distance between

two consecutive planes belonging to 

the same (hkl) family,

noted dhkl.
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13 – The 230 space-groups

1- Symmetry observation in natural crystals
2- Internal cause of the natural crystal shape

3 – Crystal lattice, cell, motif
4 – Lattice direction and planes
5 – Reciprocal lattice

6 – Crystal lattice & symmetries
7 – Conventional cell (unit cell)

10 – The 32 crystallographic point groups

8 – Stereographic projection
9 – Roto-inversions

11 – The 7 crystal systems
12 – The 14 Bravais lattices

6
m
mm

P6/mcc D2
6h 6/mmm Hexagonal

No. 192 P 6/m 2/c 2/c Patterson symmetry P6/mmm

Origin at centre (6/m) at 6/mcc

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
4 ; x ≤ (1 + y)/2; y ≤ min(1− x,x)

Vertices 0,0,0 1
2 ,0,0 2

3 ,
1
3 ,0

1
2 ,

1
2 ,0

0,0, 1
4

1
2 ,0, 1

4
2
3 ,

1
3 ,

1
4

1
2 ,

1
2 ,

1
4

Symmetry operations

(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z
(4) 2 0,0,z (5) 6− 0,0,z (6) 6+ 0,0,z
(7) 2 x,x, 1

4 (8) 2 x,0, 1
4 (9) 2 0,y, 1

4

(10) 2 x, x̄, 1
4 (11) 2 x,2x, 1

4 (12) 2 2x,x, 1
4

(13) 1̄ 0,0,0 (14) 3̄+ 0,0,z; 0,0,0 (15) 3̄− 0,0,z; 0,0,0
(16) m x,y,0 (17) 6̄− 0,0,z; 0,0,0 (18) 6̄+ 0,0,z; 0,0,0
(19) c x, x̄,z (20) c x,2x,z (21) c 2x,x,z
(22) c x,x,z (23) c x,0,z (24) c 0,y,z

Maximal non-isomorphic subgroups
I [2] P 6̄2c (190) 1; 2; 3; 7; 8; 9; 16; 17; 18; 22; 23; 24

[2] P 6̄c2 (188) 1; 2; 3; 10; 11; 12; 16; 17; 18; 19; 20; 21
[2] P6cc (184) 1; 2; 3; 4; 5; 6; 19; 20; 21; 22; 23; 24
[2] P622 (177) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12
[2] P6/m11 (P6/m, 175) 1; 2; 3; 4; 5; 6; 13; 14; 15; 16; 17; 18
[2] P 3̄c1 (165) 1; 2; 3; 7; 8; 9; 13; 14; 15; 19; 20; 21
[2] P 3̄1c (163) 1; 2; 3; 10; 11; 12; 13; 14; 15; 22; 23; 24{
[3] Pmcc (C ccm, 66) 1; 4; 7; 10; 13; 16; 19; 22
[3] Pmcc (C ccm, 66) 1; 4; 8; 11; 13; 16; 20; 23
[3] Pmcc (C ccm, 66) 1; 4; 9; 12; 13; 16; 21; 24

IIa none
IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] P6/mcc (c′ = 3c) (192); [3] H 6/mcc (a′ = 3a,b′ = 3b) (P6/mcc, 192)

Minimal non-isomorphic supergroups
I none
II [2] P6/mmm (c′ = 1

2 c) (191)
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Définition

~c ?
<latexit sha1_base64="79KksSzenMH5aBFqFnqYwPATBAM="></latexit>

~a ?
<latexit sha1_base64="UgDY+O10/zeO7UHzGQwEyP9VY60="></latexit>

~b
?

<latexit sha1_base64="d+YUd2HDt54w/mM4+aUelxXBuiA="></latexit>

~b
<latexit sha1_base64="cJc/NTC7L4RxMdcw3LIXynQgqDE="></latexit>

~a
<latexit sha1_base64="BWV6yzKdcb/+xCKUBIQATH0NXHY="></latexit>

~c
<latexit sha1_base64="TZ7s6YI8mS9v7VDz4D9cnFF+JbM="></latexit>

CGE 2024- Delphine Cabaret

Given a direct lattice with basis vectors    , and . 
The corresponding reciprocal lattice is defined by       ,      and such that:

46

- makes easier some crystallographic calculations
- naturally derived from the diffraction theory
for any radiation (X, neutrons, electrons)

� = 1
� = 2⇡

In crystallography:
In solid-state  physics:

~b · ~b
?
= �

<latexit sha1_base64="yJ0d1guB/qfedrnI9bC3gnyYZV4="></latexit>

~c · ~c ? = �
<latexit sha1_base64="REZ99ArPS1wfiS768GtzDANbBZI="></latexit>~c · ~b

?
= 0

<latexit sha1_base64="b2fZM/QeCSQcQHFk+GnDhxRXbaE="></latexit>

~a · ~b
?
= 0

<latexit sha1_base64="sSBY3qXmwV4i2EYXF0LmyBxATso="></latexit>

~a · ~a ? = �
<latexit sha1_base64="sy5ThtcKIfVR+f/qRTQS2UTK0S4="></latexit>

~b · ~a ? = 0
<latexit sha1_base64="gaoIzRg/QgNMjjyY8lGa+mWy5T0="></latexit>

~c · ~a ? = 0
<latexit sha1_base64="b0x+kTm5Ntft5KgdR3MwTVEPfqg="></latexit>

~a · ~c ? = 0
<latexit sha1_base64="AC4MyJuzGnfn+jCcAG5OwXb4D5I="></latexit>

~b · ~c ? = 0
<latexit sha1_base64="jugwQUcT+Xwy4xE/0Ch8TrFL1XU="></latexit>

Nature Materials  10,   890–896  
(2011)

5 – Reciprocal lattice
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V

↵0 =
1

V
thus

Unité de longueur : Å-1 ou nm-1

~b · ~a ? = 0
<latexit sha1_base64="gaoIzRg/QgNMjjyY8lGa+mWy5T0="></latexit>

~c · ~a ? = 0
<latexit sha1_base64="b0x+kTm5Ntft5KgdR3MwTVEPfqg="></latexit>

=) ~a ? ? ~b
<latexit sha1_base64="rYmltIl2mJ8le4L8FjZ1g4KmP8c="></latexit>

=) ~a ? ? ~c
<latexit sha1_base64="bGNweW0zINrHZ4Ze1f/TUCLUgrI="></latexit>

so ↵0where is a constant~a ? = ↵0 ~b⇥ ~c
<latexit sha1_base64="uehsisVkV3K82pk0OxoyjCcPGXU="></latexit>

then ~a · ~a ? = ↵0 ~a ·
⇣
~b⇥ ~c

⌘

<latexit sha1_base64="CVkWNbI4NZXBJcdP2mA611ECk+8="></latexit>

we know that ~a · ~a ? = 1
<latexit sha1_base64="oak1d53Fm7TXFgLzWKUK35FavaE="></latexit>

Hence ~a ? =
~b⇥ ~c

V
<latexit sha1_base64="qge+E/czAS3Yf6PoTbFV/oTF/UE="></latexit>

And in the same way:

~b
?
=

~c⇥ ~a

V
<latexit sha1_base64="ZucUsCy6LmmthvbeVxIbtKp1poQ="></latexit>

~c ? =
~a⇥~b

V
<latexit sha1_base64="BAfDG0j8wHTkWxkz55ESI+MvjTg="></latexit>

5 – Reciprocal lattice
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We can show1:  V V★ = 1

1 To do so, we express V as a function of a, b and c. Then, we use the following formula of the 3-vector 
product: A×(B×C)=(A.C)B-(A.B)C

We can show:  

Any plane of the direct lattice belonging to the family (hkl) corresponds 
to a direction of the reciprocal lattice of the same indices, [hkl]*, which is
perpendicular to (hkl). 

[hkl]? ? (hkl)

5 – Reciprocal lattice relationship with the direct lattice
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[hkl]? ? (hkl) examples

Reciprocal space

!★

"★

#★

Direct space

(", #)

(#, !)

(!, ")

//  [100]★

//  [010]★

//  [001]★

= (100)

= (010)

= (001)

5 – Reciprocal lattice relationship with the direct lattice



CGE 2024- Delphine Cabaret 50

d-spacing calculation:  

andwhere ~t
?
hkl = h~a ? + k~b

?
+ l~c ?

<latexit sha1_base64="HCvM1YwBHb8DN13GBc6pKxgzqTg="></latexit>

~t
?
hkl k [hkl]?

<latexit sha1_base64="AHVyPeMqLEdRReSw3cIBSwNAV/8="></latexit>

dhkl k~t?hkl k= 1
<latexit sha1_base64="0f+GOJfrltAAusC/Y8P0Omnn8OE="></latexit>

dhkl =
ap

h2 + k2 + l2
<latexit sha1_base64="jX0iSDirElP3Ss9O7pzW934QwCM="></latexit>

In a cubic lattice:

5 – Reciprocal lattice relationship with the direct lattice
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Condition to have (hkl) parallel to [uvw]:

hu+ k v + l w = 0thus

è scalar product equal to zero~t
?
hkl ? ~tuvw

<latexit sha1_base64="VcN/r7Ypf9k9GFUPc2Zw2+DXNB0="></latexit>

with

and

~t
?
hkl = h~a ? + k~b

?
+ l~c ?

<latexit sha1_base64="HCvM1YwBHb8DN13GBc6pKxgzqTg="></latexit>

~t uvw = u ~a + v ~b + w ~c
<latexit sha1_base64="lSXrV6xDA8wDwut4aEgBjB/5hxs="></latexit>

5 – Reciprocal lattice relationship with the direct lattice
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13 – The 230 space-groups

1- Symmetry observation in natural crystals
2- Internal cause of the natural crystal shape

3 – Crystal lattice, cell, motif
4 – Lattice direction and planes
5 – Reciprocal lattice

6 – Crystal lattice & symmetries
7 – Conventional cell (unit cell)

10 – The 32 crystallographic point groups

8 – Stereographic projection
9 – Roto-inversions

11 – The 7 crystal systems
12 – The 14 Bravais lattices

6
m
mm

P6/mcc D2
6h 6/mmm Hexagonal

No. 192 P 6/m 2/c 2/c Patterson symmetry P6/mmm

Origin at centre (6/m) at 6/mcc

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
4 ; x ≤ (1 + y)/2; y ≤ min(1− x,x)

Vertices 0,0,0 1
2 ,0,0 2

3 ,
1
3 ,0

1
2 ,

1
2 ,0

0,0, 1
4

1
2 ,0, 1

4
2
3 ,

1
3 ,

1
4

1
2 ,

1
2 ,

1
4

Symmetry operations

(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z
(4) 2 0,0,z (5) 6− 0,0,z (6) 6+ 0,0,z
(7) 2 x,x, 1

4 (8) 2 x,0, 1
4 (9) 2 0,y, 1

4

(10) 2 x, x̄, 1
4 (11) 2 x,2x, 1

4 (12) 2 2x,x, 1
4

(13) 1̄ 0,0,0 (14) 3̄+ 0,0,z; 0,0,0 (15) 3̄− 0,0,z; 0,0,0
(16) m x,y,0 (17) 6̄− 0,0,z; 0,0,0 (18) 6̄+ 0,0,z; 0,0,0
(19) c x, x̄,z (20) c x,2x,z (21) c 2x,x,z
(22) c x,x,z (23) c x,0,z (24) c 0,y,z

Maximal non-isomorphic subgroups
I [2] P 6̄2c (190) 1; 2; 3; 7; 8; 9; 16; 17; 18; 22; 23; 24

[2] P 6̄c2 (188) 1; 2; 3; 10; 11; 12; 16; 17; 18; 19; 20; 21
[2] P6cc (184) 1; 2; 3; 4; 5; 6; 19; 20; 21; 22; 23; 24
[2] P622 (177) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12
[2] P6/m11 (P6/m, 175) 1; 2; 3; 4; 5; 6; 13; 14; 15; 16; 17; 18
[2] P 3̄c1 (165) 1; 2; 3; 7; 8; 9; 13; 14; 15; 19; 20; 21
[2] P 3̄1c (163) 1; 2; 3; 10; 11; 12; 13; 14; 15; 22; 23; 24{
[3] Pmcc (C ccm, 66) 1; 4; 7; 10; 13; 16; 19; 22
[3] Pmcc (C ccm, 66) 1; 4; 8; 11; 13; 16; 20; 23
[3] Pmcc (C ccm, 66) 1; 4; 9; 12; 13; 16; 21; 24

IIa none
IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] P6/mcc (c′ = 3c) (192); [3] H 6/mcc (a′ = 3a,b′ = 3b) (P6/mcc, 192)

Minimal non-isomorphic supergroups
I none
II [2] P6/mmm (c′ = 1

2 c) (191)
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Ø on each lattice point

Ø in the middle of each cell edge

Ø in the middle of each cell face

Ø in the center of each cell

Any lattice is
centrosymmetric
with centres:

centrosymmetry6 – Crystal lattice & symmetries



Ø in the middle of each cell edge
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Ø on each lattice point

Ø in the middle of each cell face

Ø in the middle of the each cell

centrosymmetry6 – Crystal lattice & symmetries

Any lattice is
centrosymmetric
with centres:
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Are other values of n possible?

' =
2⇡

n
rotation axes An of angle

A2 A3 A4 A6

The rotation axes compatible with the crystal lattice

6 – Crystal lattice & symmetries
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A B

φ

B’

The rotation axes compatible with the crystal lattice

axis An of angle φ in A

6 – Crystal lattice & symmetries



CGE 2024- Delphine Cabaret 57

φ

A B

-φ

A’B’

in Baxis An of angle φ in A

The rotation axes compatible with the crystal lattice6 – Crystal lattice & symmetries
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A B

B’ A’

What are the possible values of φ? ' =
2⇡

n

B’A’ = k AB     with k an integer
?

?

B’A’ = AB + 2 AB’ sinθ where θ= φ – π/2

-φφθ θ

= AB ( 1 – 2 cosφ ) 

The rotation axes compatible with the crystal lattice6 – Crystal lattice & symmetries
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' =
2⇡

n

B’A’ = k AB

?
B’A’ = ( 1 – 2 cosφ ) AB

with - 1 ≤ cosφ ≤ +1

cosφ = 1 - k
2

identification

The rotation axes compatible with the crystal lattice6 – Crystal lattice & symmetries

What are the possible values of φ?
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cosφ = 1 - k
2

k

φ = 2π
n

n

0

6

π
3

1
2

1

4

0

π
2

2

3

1
2

-

2π
3

3

2

-1

π

4

impossible!

-1

1

0

1

identity

The rotation axes compatible with the crystal lattice6 – Crystal lattice & symmetries
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13 – The 230 space-groups

1- Symmetry observation in natural crystals
2- Internal cause of the natural crystal shape

3 – Crystal lattice, cell, motif
4 – Lattice direction and planes
5 – Reciprocal lattice

6 – Crystal lattice & symmetries
7 – Conventional cell (unit cell)

10 – The 32 crystallographic point groups

8 – Stereographic projection
9 – Roto-inversions

11 – The 7 crystal systems
12 – The 14 Bravais lattices

6
m
mm

P6/mcc D2
6h 6/mmm Hexagonal

No. 192 P 6/m 2/c 2/c Patterson symmetry P6/mmm

Origin at centre (6/m) at 6/mcc

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
4 ; x ≤ (1 + y)/2; y ≤ min(1− x,x)

Vertices 0,0,0 1
2 ,0,0 2

3 ,
1
3 ,0

1
2 ,

1
2 ,0

0,0, 1
4

1
2 ,0, 1

4
2
3 ,

1
3 ,

1
4

1
2 ,

1
2 ,

1
4

Symmetry operations

(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z
(4) 2 0,0,z (5) 6− 0,0,z (6) 6+ 0,0,z
(7) 2 x,x, 1

4 (8) 2 x,0, 1
4 (9) 2 0,y, 1

4

(10) 2 x, x̄, 1
4 (11) 2 x,2x, 1

4 (12) 2 2x,x, 1
4

(13) 1̄ 0,0,0 (14) 3̄+ 0,0,z; 0,0,0 (15) 3̄− 0,0,z; 0,0,0
(16) m x,y,0 (17) 6̄− 0,0,z; 0,0,0 (18) 6̄+ 0,0,z; 0,0,0
(19) c x, x̄,z (20) c x,2x,z (21) c 2x,x,z
(22) c x,x,z (23) c x,0,z (24) c 0,y,z

Maximal non-isomorphic subgroups
I [2] P 6̄2c (190) 1; 2; 3; 7; 8; 9; 16; 17; 18; 22; 23; 24

[2] P 6̄c2 (188) 1; 2; 3; 10; 11; 12; 16; 17; 18; 19; 20; 21
[2] P6cc (184) 1; 2; 3; 4; 5; 6; 19; 20; 21; 22; 23; 24
[2] P622 (177) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12
[2] P6/m11 (P6/m, 175) 1; 2; 3; 4; 5; 6; 13; 14; 15; 16; 17; 18
[2] P 3̄c1 (165) 1; 2; 3; 7; 8; 9; 13; 14; 15; 19; 20; 21
[2] P 3̄1c (163) 1; 2; 3; 10; 11; 12; 13; 14; 15; 22; 23; 24{
[3] Pmcc (C ccm, 66) 1; 4; 7; 10; 13; 16; 19; 22
[3] Pmcc (C ccm, 66) 1; 4; 8; 11; 13; 16; 20; 23
[3] Pmcc (C ccm, 66) 1; 4; 9; 12; 13; 16; 21; 24

IIa none
IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] P6/mcc (c′ = 3c) (192); [3] H 6/mcc (a′ = 3a,b′ = 3b) (P6/mcc, 192)

Minimal non-isomorphic supergroups
I none
II [2] P6/mmm (c′ = 1

2 c) (191)
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square simple cell

~b

~a

simple cell or primitive cell

7 – Conventional cell (=unit cell)
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simple cell or primitive cell

only 1 lattice point/cell

= 11
4++ 1

4+ 1
4

1
4

7 – Conventional cell (=unit cell)
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square double cell

~b

~a

double cell

7 – Conventional cell (=unit cell)
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square double cell

double celldouble cell

2 lattice points /cell

= 21
4++ 1

4+ 1
4

1
4 + 1

7 – Conventional cell (=unit cell)
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�2 6= 90�a2 = b2 ,  

�1 6= 90�a1 6= b1 , 

~a1

~b1

~a2~b2

γ1

γ2

cell 1

cell 2

7 – Conventional cell (=unit cell)

Visualize 2 simple cells with different shapes
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�2 6= 90�a2 = b2 ,  

�1 6= 90�a1 6= b1 , 

~a1

~b1
~b3

~a3

~a2~b2

γ1

γ2

γ3

cell 1

cell 2

cell 3
�3 = 90�a3 6= b3 ,  

Visualize a centred double cell

conventional cell?

7 – Conventional cell (=unit cell)
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~a1

~b1

cell 1
�1 6= 90�a1 6= b1 , 

A2

7 – Conventional cell (=unit cell)
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cell 2
�2 6= 90�a2 = b2 ,  

~a2~b2

A2 M M’

7 – Conventional cell (=unit cell)
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cell 3

A2 M M’

~b3

~a3

�3 = 90�a3 6= b3 ,  

7 – Conventional cell (=unit cell)
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cell 1: simple

cell 2: simple

cell 3: double

~a1

~b1

~a2~b2

~b3

~a3

A2 M M’

A2 M M’

A2

�3 = 90�a3 6= b3 ,  

�2 6= 90�a2 = b2 ,  

�1 6= 90�a1 6= b1 , 

7 – Conventional cell (=unit cell)
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~b3

~a3

~b2 ~a2

7 – Conventional cell (=unit cell)
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conventional cell

• its axes are parallel
to symmetry directions of the lattice

• it has the symmetry as the lattice

• it can be a supercell (it is not always primitive)

7 – Conventional cell (=unit cell)
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13 – The 230 space-groups

1- Symmetry observation in natural crystals
2- Internal cause of the natural crystal shape

3 – Crystal lattice, cell, motif
4 – Lattice direction and planes
5 – Reciprocal lattice

6 – Crystal lattice & symmetries
7 – Conventional cell (unit cell)

10 – The 32 crystallographic point groups

8 – Stereographic projection
9 – Roto-inversions

11 – The 7 crystal systems
12 – The 14 Bravais lattices

6
m
mm

P6/mcc D2
6h 6/mmm Hexagonal

No. 192 P 6/m 2/c 2/c Patterson symmetry P6/mmm

Origin at centre (6/m) at 6/mcc

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
4 ; x ≤ (1 + y)/2; y ≤ min(1− x,x)

Vertices 0,0,0 1
2 ,0,0 2

3 ,
1
3 ,0

1
2 ,

1
2 ,0

0,0, 1
4

1
2 ,0, 1

4
2
3 ,

1
3 ,

1
4

1
2 ,

1
2 ,

1
4

Symmetry operations

(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z
(4) 2 0,0,z (5) 6− 0,0,z (6) 6+ 0,0,z
(7) 2 x,x, 1

4 (8) 2 x,0, 1
4 (9) 2 0,y, 1

4

(10) 2 x, x̄, 1
4 (11) 2 x,2x, 1

4 (12) 2 2x,x, 1
4

(13) 1̄ 0,0,0 (14) 3̄+ 0,0,z; 0,0,0 (15) 3̄− 0,0,z; 0,0,0
(16) m x,y,0 (17) 6̄− 0,0,z; 0,0,0 (18) 6̄+ 0,0,z; 0,0,0
(19) c x, x̄,z (20) c x,2x,z (21) c 2x,x,z
(22) c x,x,z (23) c x,0,z (24) c 0,y,z

Maximal non-isomorphic subgroups
I [2] P 6̄2c (190) 1; 2; 3; 7; 8; 9; 16; 17; 18; 22; 23; 24

[2] P 6̄c2 (188) 1; 2; 3; 10; 11; 12; 16; 17; 18; 19; 20; 21
[2] P6cc (184) 1; 2; 3; 4; 5; 6; 19; 20; 21; 22; 23; 24
[2] P622 (177) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12
[2] P6/m11 (P6/m, 175) 1; 2; 3; 4; 5; 6; 13; 14; 15; 16; 17; 18
[2] P 3̄c1 (165) 1; 2; 3; 7; 8; 9; 13; 14; 15; 19; 20; 21
[2] P 3̄1c (163) 1; 2; 3; 10; 11; 12; 13; 14; 15; 22; 23; 24{
[3] Pmcc (C ccm, 66) 1; 4; 7; 10; 13; 16; 19; 22
[3] Pmcc (C ccm, 66) 1; 4; 8; 11; 13; 16; 20; 23
[3] Pmcc (C ccm, 66) 1; 4; 9; 12; 13; 16; 21; 24

IIa none
IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] P6/mcc (c′ = 3c) (192); [3] H 6/mcc (a′ = 3a,b′ = 3b) (P6/mcc, 192)

Minimal non-isomorphic supergroups
I none
II [2] P6/mmm (c′ = 1

2 c) (191)
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8 – Stereographic projection

Stereographic projection: 
way of representing geometric objects of the 3D space
(sphere and symmetry elements passing through
its centre) into a 2D picture

P

●

●

N

S

�O

P’

equatorial plane
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• Given a half-line OP in the North hemisphere
starting from O and crossing the sphere in point P.

• The stereographic projection of OP is the 
intersection point of [PS] with the equatorial plane.

• Given a half-:ine OP’ in the South hemisphere
starting from O and crossing the sphere in point P’.

•The stereographic projection of OP’ is the 
intersection point of [P’N] with the equatorial plane.

• It is represented by a small circle: ¢.

• It is represented (here) by a dot: ●.

8 – Stereographic projection
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A2 North-South axis

8 – Stereographic projection
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90°

90° 90°

90°

A4 North-South axis

8 – Stereographic projection
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A2 North-South axis

8 – Stereographic projection
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2 equivalent
directions 

Centre of symmetry

8 – Stereographic projection



CGE 2024- Delphine Cabaret 81

M    North-South axis

8 – Stereographic projection



CGE 2024- Delphine Cabaret 82

M North-South axis

8 – Stereographic projection
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13 – The 230 space-groups

1- Symmetry observation in natural crystals
2- Internal cause of the natural crystal shape

3 – Crystal lattice, cell, motif
4 – Lattice direction and planes
5 – Reciprocal lattice

6 – Crystal lattice & symmetries
7 – Conventional cell (unit cell)

10 – The 32 crystallographic point groups

8 – Stereographic projection
9 – Roto-inversions

11 – The 7 crystal systems
12 – The 14 Bravais lattices

6
m
mm

P6/mcc D2
6h 6/mmm Hexagonal

No. 192 P 6/m 2/c 2/c Patterson symmetry P6/mmm

Origin at centre (6/m) at 6/mcc

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
4 ; x ≤ (1 + y)/2; y ≤ min(1− x,x)

Vertices 0,0,0 1
2 ,0,0 2

3 ,
1
3 ,0

1
2 ,

1
2 ,0

0,0, 1
4

1
2 ,0, 1

4
2
3 ,

1
3 ,

1
4

1
2 ,

1
2 ,

1
4

Symmetry operations

(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z
(4) 2 0,0,z (5) 6− 0,0,z (6) 6+ 0,0,z
(7) 2 x,x, 1

4 (8) 2 x,0, 1
4 (9) 2 0,y, 1

4

(10) 2 x, x̄, 1
4 (11) 2 x,2x, 1

4 (12) 2 2x,x, 1
4

(13) 1̄ 0,0,0 (14) 3̄+ 0,0,z; 0,0,0 (15) 3̄− 0,0,z; 0,0,0
(16) m x,y,0 (17) 6̄− 0,0,z; 0,0,0 (18) 6̄+ 0,0,z; 0,0,0
(19) c x, x̄,z (20) c x,2x,z (21) c 2x,x,z
(22) c x,x,z (23) c x,0,z (24) c 0,y,z

Maximal non-isomorphic subgroups
I [2] P 6̄2c (190) 1; 2; 3; 7; 8; 9; 16; 17; 18; 22; 23; 24

[2] P 6̄c2 (188) 1; 2; 3; 10; 11; 12; 16; 17; 18; 19; 20; 21
[2] P6cc (184) 1; 2; 3; 4; 5; 6; 19; 20; 21; 22; 23; 24
[2] P622 (177) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12
[2] P6/m11 (P6/m, 175) 1; 2; 3; 4; 5; 6; 13; 14; 15; 16; 17; 18
[2] P 3̄c1 (165) 1; 2; 3; 7; 8; 9; 13; 14; 15; 19; 20; 21
[2] P 3̄1c (163) 1; 2; 3; 10; 11; 12; 13; 14; 15; 22; 23; 24{
[3] Pmcc (C ccm, 66) 1; 4; 7; 10; 13; 16; 19; 22
[3] Pmcc (C ccm, 66) 1; 4; 8; 11; 13; 16; 20; 23
[3] Pmcc (C ccm, 66) 1; 4; 9; 12; 13; 16; 21; 24

IIa none
IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] P6/mcc (c′ = 3c) (192); [3] H 6/mcc (a′ = 3a,b′ = 3b) (P6/mcc, 192)

Minimal non-isomorphic supergroups
I none
II [2] P6/mmm (c′ = 1

2 c) (191)
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M = A2 ✕ C roto-inversion d’ordre 2

9 – Roto-inversions

M = A2 ✕ C roto-inversion of order 2

M ⌘ Ā2
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M ⌘ Ā2

π

9 – Roto-inversions

M = A2 ✕ C roto-inversion of order 2
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A2 A3 A4 A6A1

identity

1 2 3 4 6

C ⌘ Ā1
centre
!1

Ā3 Ā4 Ā6

4̄3̄ 6̄

M ⌘ Ā2

m

9 – Roto-inversions

inversion rotoinversion n̄ = ⇥rotation 
2⇡

n

Hermann-Mauguin
symbols
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4 axis 4

90°

90° 90°

90°

1

2

3

4

1 3

2 4

9 – Roto-inversions
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13 – The 230 space-groups

1- Symmetry observation in natural crystals
2- Internal cause of the natural crystal shape

3 – Crystal lattice, cell, motif
4 – Lattice direction and planes
5 – Reciprocal lattice

6 – Crystal lattice & symmetries
7 – Conventional cell (unit cell)

10 – The 32 crystallographic point groups

8 – Stereographic projection
9 – Roto-inversions

11 – The 7 crystal systems
12 – The 14 Bravais lattices

6
m
mm

P6/mcc D2
6h 6/mmm Hexagonal

No. 192 P 6/m 2/c 2/c Patterson symmetry P6/mmm

Origin at centre (6/m) at 6/mcc

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
4 ; x ≤ (1 + y)/2; y ≤ min(1− x,x)

Vertices 0,0,0 1
2 ,0,0 2

3 ,
1
3 ,0

1
2 ,

1
2 ,0

0,0, 1
4

1
2 ,0, 1

4
2
3 ,

1
3 ,

1
4

1
2 ,

1
2 ,

1
4

Symmetry operations

(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z
(4) 2 0,0,z (5) 6− 0,0,z (6) 6+ 0,0,z
(7) 2 x,x, 1

4 (8) 2 x,0, 1
4 (9) 2 0,y, 1

4

(10) 2 x, x̄, 1
4 (11) 2 x,2x, 1

4 (12) 2 2x,x, 1
4

(13) 1̄ 0,0,0 (14) 3̄+ 0,0,z; 0,0,0 (15) 3̄− 0,0,z; 0,0,0
(16) m x,y,0 (17) 6̄− 0,0,z; 0,0,0 (18) 6̄+ 0,0,z; 0,0,0
(19) c x, x̄,z (20) c x,2x,z (21) c 2x,x,z
(22) c x,x,z (23) c x,0,z (24) c 0,y,z

Maximal non-isomorphic subgroups
I [2] P 6̄2c (190) 1; 2; 3; 7; 8; 9; 16; 17; 18; 22; 23; 24

[2] P 6̄c2 (188) 1; 2; 3; 10; 11; 12; 16; 17; 18; 19; 20; 21
[2] P6cc (184) 1; 2; 3; 4; 5; 6; 19; 20; 21; 22; 23; 24
[2] P622 (177) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12
[2] P6/m11 (P6/m, 175) 1; 2; 3; 4; 5; 6; 13; 14; 15; 16; 17; 18
[2] P 3̄c1 (165) 1; 2; 3; 7; 8; 9; 13; 14; 15; 19; 20; 21
[2] P 3̄1c (163) 1; 2; 3; 10; 11; 12; 13; 14; 15; 22; 23; 24{
[3] Pmcc (C ccm, 66) 1; 4; 7; 10; 13; 16; 19; 22
[3] Pmcc (C ccm, 66) 1; 4; 8; 11; 13; 16; 20; 23
[3] Pmcc (C ccm, 66) 1; 4; 9; 12; 13; 16; 21; 24

IIa none
IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] P6/mcc (c′ = 3c) (192); [3] H 6/mcc (a′ = 3a,b′ = 3b) (P6/mcc, 192)

Minimal non-isomorphic supergroups
I none
II [2] P6/mmm (c′ = 1

2 c) (191)
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International Tables for Crystallography (2006). Vol. A, Space group 192, pp. 596–597.

Copyright  2006 International Union of Crystallography
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The possible ‘’combinations’’ of the 10 rotations and rotoinversions form 
the 32 crystallographic point groups, 

also called the 32 classes of orientation symmetry. 

crystallographic point group: set of symmetry elements that leave a central point fixed

10 – The 32 crystallographic point groups

è it is important to know, for a given point group, the equivalent 
directions by the symmetry operations that define the group.

The symmetry of the macroscopic physical properties of a crystal is governed by its 
crystallographic point group.

physical properties sensitive to direction symmetries (invariant under translations)
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• The groups containing MORE than one An axis with n>2 
è the 5 cubic groups

• The other groups 
è les 27 non-cubic groups

2 CATEGORIES:

10 – The 32 crystallographic point groups

• We already know 10! è 1-generator group

• 2- or 3-generator groups
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4̄3̄

3 6

6̄

1

1̄

2

m

4

1-generator point groups

10 – The 32 crystallographic point groups



2-generator point groups
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generator 1 genzrator 2

A2

A3

A4

A6

M
C

A3

A4

A6

C

A2

M

ou à An et An

14 non-cubic
point groups 

with
2 generators

10 – The 32 crystallographic point groups



1

2

4

3

1 3

2 4

?1 2  :

?1 3  :

?1 4  :

A2 & C
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1

2

4

3

1 2  :

1 3  :

1 4  :

A2 & C
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M



A2 & C
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A2 C
M

2

m



1

2 6

5

A4 & M

3

8 4

7
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8 equivalent

directions



1

2 6

5

A4 & M

3

8 4

7

1 7

2 8

3 5

4 6

M
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1

2 6

5

A4 &  M

3

8 4

7

1 6

2 7

3 8

4 5

M’
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1

2 6

5

A4 & M

3

8 4

7

1 8

2 5

3 6

4 7

M’
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A4 & M

A4 2 M 2 M’
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A4 & M

A4 2 M 2 M’

4mm
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3̄ m

4̄ 2m

6̄ 2m6 2 2

4 2 2

2 2 2

3 2

6mm

4mm

3m

mm22/m

4/m

6/m

⇥ 1̄

10 – The 32 crystallographic point groups

3 non-cubic
point groups  

with 3 generators



mmm mm
4

m
mm

6

m
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3 non-cubic point groups with 3 generators
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They contain at least 4 A3 (oriented along the <111> directions) 
and 3 A2 (oriented along the <100> directions)

3A2 4A3 2 3 T rotation group of the regular tetrahedron

3A2

3M
4 Ā3 C obtained by adding a centre to 2 3  m 3̄ Th

obtained from 2 3 by replacing A2 by A4
rotation group of the regular octahedron3A4 4A3 6A0

2 4 3 2 O
3A4

3M
4 Ā3

6A0
2

6M0 C obtained by adding a centre to 4 3 2
symmetry group of the regular octahedronm 3̄m Oh

3 Ā4 4A3 6M0 4̄ 3m Td
obtained from 2 3 by replacing A2 par A4
symmetry group of the regular tetrahedron

10 – The 32 crystallographic point groups 5 cubic point groups
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4 A3 6 M’3 A4Td

4 A33 A2T

Th

4̄ 3m
<latexit sha1_base64="nLruOmHPUpeZ4vksHRWM/pvF7bI="></latexit><latexit sha1_base64="nLruOmHPUpeZ4vksHRWM/pvF7bI="></latexit><latexit sha1_base64="nLruOmHPUpeZ4vksHRWM/pvF7bI="></latexit><latexit sha1_base64="nLruOmHPUpeZ4vksHRWM/pvF7bI="></latexit>

m 3̄
<latexit sha1_base64="oxiIbtk5dRaA+rQQhHaICCHUicY="></latexit><latexit sha1_base64="oxiIbtk5dRaA+rQQhHaICCHUicY="></latexit><latexit sha1_base64="oxiIbtk5dRaA+rQQhHaICCHUicY="></latexit><latexit sha1_base64="oxiIbtk5dRaA+rQQhHaICCHUicY="></latexit>

2 3
<latexit sha1_base64="7PyZBi2j7pcmOmv6t+JfKZFh9cc="></latexit><latexit sha1_base64="7PyZBi2j7pcmOmv6t+JfKZFh9cc="></latexit><latexit sha1_base64="7PyZBi2j7pcmOmv6t+JfKZFh9cc="></latexit><latexit sha1_base64="7PyZBi2j7pcmOmv6t+JfKZFh9cc="></latexit>

3 A2

3 M
4 A3

O 4 3 23 A4 4 A3

C

6 A2’

Oh
3 A4

3 M
4 A3

6 A2’
6 M’

C m 3̄m

h001i
<latexit sha1_base64="xBnk6gAO5w7m+zojjNEKeak0rNc="></latexit><latexit sha1_base64="xBnk6gAO5w7m+zojjNEKeak0rNc="></latexit><latexit sha1_base64="xBnk6gAO5w7m+zojjNEKeak0rNc="></latexit><latexit sha1_base64="xBnk6gAO5w7m+zojjNEKeak0rNc="></latexit>

directions

10 – The 32 crystallographic point groups 5 cubic point groups
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4 A3 6 M’3 A4Td

4 A33 A2T

Th

4̄ 3m
<latexit sha1_base64="nLruOmHPUpeZ4vksHRWM/pvF7bI="></latexit><latexit sha1_base64="nLruOmHPUpeZ4vksHRWM/pvF7bI="></latexit><latexit sha1_base64="nLruOmHPUpeZ4vksHRWM/pvF7bI="></latexit><latexit sha1_base64="nLruOmHPUpeZ4vksHRWM/pvF7bI="></latexit>

m 3̄
<latexit sha1_base64="oxiIbtk5dRaA+rQQhHaICCHUicY="></latexit><latexit sha1_base64="oxiIbtk5dRaA+rQQhHaICCHUicY="></latexit><latexit sha1_base64="oxiIbtk5dRaA+rQQhHaICCHUicY="></latexit><latexit sha1_base64="oxiIbtk5dRaA+rQQhHaICCHUicY="></latexit>

2 3
<latexit sha1_base64="7PyZBi2j7pcmOmv6t+JfKZFh9cc="></latexit><latexit sha1_base64="7PyZBi2j7pcmOmv6t+JfKZFh9cc="></latexit><latexit sha1_base64="7PyZBi2j7pcmOmv6t+JfKZFh9cc="></latexit><latexit sha1_base64="7PyZBi2j7pcmOmv6t+JfKZFh9cc="></latexit>

3 A2

3 M
4 A3

O 4 3 23 A4 4 A3

C

6 A2’

Oh
3 A4

3 M
4 A3

6 A2’
6 M’

C m 3̄m

directions h111i
<latexit sha1_base64="/jtFd+HNkv4TS7ii3uFMANqidg8="></latexit><latexit sha1_base64="/jtFd+HNkv4TS7ii3uFMANqidg8="></latexit><latexit sha1_base64="/jtFd+HNkv4TS7ii3uFMANqidg8="></latexit><latexit sha1_base64="/jtFd+HNkv4TS7ii3uFMANqidg8="></latexit>

10 – The 32 crystallographic point groups 5 cubic point groups
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4 A3 6 M’3 A4Td

4 A33 A2T

Th

4̄ 3m
<latexit sha1_base64="nLruOmHPUpeZ4vksHRWM/pvF7bI="></latexit><latexit sha1_base64="nLruOmHPUpeZ4vksHRWM/pvF7bI="></latexit><latexit sha1_base64="nLruOmHPUpeZ4vksHRWM/pvF7bI="></latexit><latexit sha1_base64="nLruOmHPUpeZ4vksHRWM/pvF7bI="></latexit>

m 3̄
<latexit sha1_base64="oxiIbtk5dRaA+rQQhHaICCHUicY="></latexit><latexit sha1_base64="oxiIbtk5dRaA+rQQhHaICCHUicY="></latexit><latexit sha1_base64="oxiIbtk5dRaA+rQQhHaICCHUicY="></latexit><latexit sha1_base64="oxiIbtk5dRaA+rQQhHaICCHUicY="></latexit>

2 3
<latexit sha1_base64="7PyZBi2j7pcmOmv6t+JfKZFh9cc="></latexit><latexit sha1_base64="7PyZBi2j7pcmOmv6t+JfKZFh9cc="></latexit><latexit sha1_base64="7PyZBi2j7pcmOmv6t+JfKZFh9cc="></latexit><latexit sha1_base64="7PyZBi2j7pcmOmv6t+JfKZFh9cc="></latexit>

3 A2

3 M
4 A3

O 4 3 23 A4 4 A3

C

6 A2’

Oh
3 A4

3 M
4 A3

6 A2’
6 M’

C m 3̄m

directions h011i
<latexit sha1_base64="Jyr7zzfj2yjWl+SJUSEIAHVX7AA="></latexit><latexit sha1_base64="Jyr7zzfj2yjWl+SJUSEIAHVX7AA="></latexit><latexit sha1_base64="Jyr7zzfj2yjWl+SJUSEIAHVX7AA="></latexit><latexit sha1_base64="Jyr7zzfj2yjWl+SJUSEIAHVX7AA="></latexit>

10 – The 32 crystallographic point groups 5 cubic point groups
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4 A3 6 M’3 A4Td

4 A33 A2T

Th

4̄ 3m
<latexit sha1_base64="nLruOmHPUpeZ4vksHRWM/pvF7bI="></latexit><latexit sha1_base64="nLruOmHPUpeZ4vksHRWM/pvF7bI="></latexit><latexit sha1_base64="nLruOmHPUpeZ4vksHRWM/pvF7bI="></latexit><latexit sha1_base64="nLruOmHPUpeZ4vksHRWM/pvF7bI="></latexit>

m 3̄
<latexit sha1_base64="oxiIbtk5dRaA+rQQhHaICCHUicY="></latexit><latexit sha1_base64="oxiIbtk5dRaA+rQQhHaICCHUicY="></latexit><latexit sha1_base64="oxiIbtk5dRaA+rQQhHaICCHUicY="></latexit><latexit sha1_base64="oxiIbtk5dRaA+rQQhHaICCHUicY="></latexit>

2 3
<latexit sha1_base64="7PyZBi2j7pcmOmv6t+JfKZFh9cc="></latexit><latexit sha1_base64="7PyZBi2j7pcmOmv6t+JfKZFh9cc="></latexit><latexit sha1_base64="7PyZBi2j7pcmOmv6t+JfKZFh9cc="></latexit><latexit sha1_base64="7PyZBi2j7pcmOmv6t+JfKZFh9cc="></latexit>

3 A2

3 M
4 A3

O 4 3 23 A4 4 A3

C

6 A2’

Oh
3 A4

3 M
4 A3

6 A2’
6 M’

C m 3̄m

10 – The 32 crystallographic point groups 5 cubic point groups
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4 A3 6 M’3 A4Td

4 A33 A2T

Th

4̄ 3m
<latexit sha1_base64="nLruOmHPUpeZ4vksHRWM/pvF7bI="></latexit><latexit sha1_base64="nLruOmHPUpeZ4vksHRWM/pvF7bI="></latexit><latexit sha1_base64="nLruOmHPUpeZ4vksHRWM/pvF7bI="></latexit><latexit sha1_base64="nLruOmHPUpeZ4vksHRWM/pvF7bI="></latexit>

m 3̄
<latexit sha1_base64="oxiIbtk5dRaA+rQQhHaICCHUicY="></latexit><latexit sha1_base64="oxiIbtk5dRaA+rQQhHaICCHUicY="></latexit><latexit sha1_base64="oxiIbtk5dRaA+rQQhHaICCHUicY="></latexit><latexit sha1_base64="oxiIbtk5dRaA+rQQhHaICCHUicY="></latexit>

2 3
<latexit sha1_base64="7PyZBi2j7pcmOmv6t+JfKZFh9cc="></latexit><latexit sha1_base64="7PyZBi2j7pcmOmv6t+JfKZFh9cc="></latexit><latexit sha1_base64="7PyZBi2j7pcmOmv6t+JfKZFh9cc="></latexit><latexit sha1_base64="7PyZBi2j7pcmOmv6t+JfKZFh9cc="></latexit>

3 A2

3 M
4 A3

O 4 3 23 A4 4 A3

C

6 A2’

Oh
3 A4

3 M
4 A3

6 A2’
6 M’

C m 3̄m

holoédrie

10 – The 32 crystallographic point groups 5 cubic point groups
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13 – The 230 space-groups

1- Symmetry observation in natural crystals
2- Internal cause of the natural crystal shape

3 – Crystal lattice, cell, motif
4 – Lattice direction and planes
5 – Reciprocal lattice

6 – Crystal lattice & symmetries
7 – Conventional cell (unit cell)

10 – The 32 crystallographic point groups

8 – Stereographic projection
9 – Roto-inversions

11 – The 7 crystal systems
12 – The 14 Bravais lattices

6
m
mm

P6/mcc D2
6h 6/mmm Hexagonal

No. 192 P 6/m 2/c 2/c Patterson symmetry P6/mmm

Origin at centre (6/m) at 6/mcc

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
4 ; x ≤ (1 + y)/2; y ≤ min(1− x,x)

Vertices 0,0,0 1
2 ,0,0 2

3 ,
1
3 ,0

1
2 ,

1
2 ,0

0,0, 1
4

1
2 ,0, 1

4
2
3 ,

1
3 ,

1
4

1
2 ,

1
2 ,

1
4

Symmetry operations

(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z
(4) 2 0,0,z (5) 6− 0,0,z (6) 6+ 0,0,z
(7) 2 x,x, 1

4 (8) 2 x,0, 1
4 (9) 2 0,y, 1

4

(10) 2 x, x̄, 1
4 (11) 2 x,2x, 1

4 (12) 2 2x,x, 1
4

(13) 1̄ 0,0,0 (14) 3̄+ 0,0,z; 0,0,0 (15) 3̄− 0,0,z; 0,0,0
(16) m x,y,0 (17) 6̄− 0,0,z; 0,0,0 (18) 6̄+ 0,0,z; 0,0,0
(19) c x, x̄,z (20) c x,2x,z (21) c 2x,x,z
(22) c x,x,z (23) c x,0,z (24) c 0,y,z

Maximal non-isomorphic subgroups
I [2] P 6̄2c (190) 1; 2; 3; 7; 8; 9; 16; 17; 18; 22; 23; 24

[2] P 6̄c2 (188) 1; 2; 3; 10; 11; 12; 16; 17; 18; 19; 20; 21
[2] P6cc (184) 1; 2; 3; 4; 5; 6; 19; 20; 21; 22; 23; 24
[2] P622 (177) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12
[2] P6/m11 (P6/m, 175) 1; 2; 3; 4; 5; 6; 13; 14; 15; 16; 17; 18
[2] P 3̄c1 (165) 1; 2; 3; 7; 8; 9; 13; 14; 15; 19; 20; 21
[2] P 3̄1c (163) 1; 2; 3; 10; 11; 12; 13; 14; 15; 22; 23; 24{
[3] Pmcc (C ccm, 66) 1; 4; 7; 10; 13; 16; 19; 22
[3] Pmcc (C ccm, 66) 1; 4; 8; 11; 13; 16; 20; 23
[3] Pmcc (C ccm, 66) 1; 4; 9; 12; 13; 16; 21; 24

IIa none
IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] P6/mcc (c′ = 3c) (192); [3] H 6/mcc (a′ = 3a,b′ = 3b) (P6/mcc, 192)

Minimal non-isomorphic supergroups
I none
II [2] P6/mmm (c′ = 1

2 c) (191)

596

International Tables for Crystallography (2006). Vol. A, Space group 192, pp. 596–597.

Copyright  2006 International Union of Crystallography
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4̄ 3m
<latexit sha1_base64="nLruOmHPUpeZ4vksHRWM/pvF7bI="></latexit><latexit sha1_base64="nLruOmHPUpeZ4vksHRWM/pvF7bI="></latexit><latexit sha1_base64="nLruOmHPUpeZ4vksHRWM/pvF7bI="></latexit><latexit sha1_base64="nLruOmHPUpeZ4vksHRWM/pvF7bI="></latexit>

m 3̄
<latexit sha1_base64="oxiIbtk5dRaA+rQQhHaICCHUicY="></latexit><latexit sha1_base64="oxiIbtk5dRaA+rQQhHaICCHUicY="></latexit><latexit sha1_base64="oxiIbtk5dRaA+rQQhHaICCHUicY="></latexit><latexit sha1_base64="oxiIbtk5dRaA+rQQhHaICCHUicY="></latexit>

2 3
<latexit sha1_base64="7PyZBi2j7pcmOmv6t+JfKZFh9cc="></latexit><latexit sha1_base64="7PyZBi2j7pcmOmv6t+JfKZFh9cc="></latexit><latexit sha1_base64="7PyZBi2j7pcmOmv6t+JfKZFh9cc="></latexit><latexit sha1_base64="7PyZBi2j7pcmOmv6t+JfKZFh9cc="></latexit>

4 3 2

m 3̄m

cubic system

a = b = c

a = b = g = 90°

holohedry

11 – The 7 crystal systems

We can classify the 32 crystallographic point groups in 7 crystal systems.



NaCl
m 3̄m
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crystal symmetry ≤ lattice symmetry

ZnS - blende

4̄ 3m
<latexit sha1_base64="nLruOmHPUpeZ4vksHRWM/pvF7bI="></latexit><latexit sha1_base64="nLruOmHPUpeZ4vksHRWM/pvF7bI="></latexit><latexit sha1_base64="nLruOmHPUpeZ4vksHRWM/pvF7bI="></latexit><latexit sha1_base64="nLruOmHPUpeZ4vksHRWM/pvF7bI="></latexit>

11 – The 7 crystal systems

We can classify the 32 crystallographic point groups in 7 crystal systems.
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1

1̄

2 m 2/m

2222mm mmm

4/m 4mm

4̄2m 422

4

4̄
mm

4

m

3m

3̄m

3

3̄ 32

6/m 6mm

6̄2m 622

6

6̄
mm

6

m

Among the 27 non-cubic point groups, 

what are those that define a crystal lattice

with specific cell-parameters restrictions ?

11 – The 7 crystal systems
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any lattice is centrosymmetric

11 – The 7 crystal systems

We can classify the 32 crystallographic point groups in 7 crystal systems.

crystal symmetry ≤ lattice symmetry



1̄

2/m

mmm 4/m
mm

4

m

3̄m
3̄ 6/m

mm
6

m 115

Laue 
classes 



a = b

g = 90°a = b =4 4̄ 4/m

direction [001]

directions [100] & [010]

4̄2m 422 4mm

mm
4

m

directions [110] & [110]
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tetragonal system



a = g = 90°

2/m

2

m
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monoclinic system



mmm

a = b = g = 90°

2mm

222

direction [100]

direction [010]

direction [001]
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orthorhombic system



direction [001]

a = b
g = 120°

a = b = 90°

mm
6

m

6/m6

6̄2m

6̄

622 6mm
directions 
[100], [010], [110]

directions 
[110], [120], [210]
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hexagonal system



a = b = g
3̄

3̄m

a = b = c
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rhombohedral cell

trigonal system



3̄

3̄m

3

3m32
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rhombohedral axes

trigonal system

hexagonal axes



1̄

1
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triclinic system
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Classification of the 32 point groups

We have classified the 32 point groups according to the 3-dimensional lattice symmetry,
that defines 2 criteria:

1. Any lattice is centrosymmetric.
2. Any lattice that has a symmetry axis of order n>2 also presents n mirrors plane 

parallel to this axis.

è The 11 Laue classes (criterion 1) lead to 7 holohedries (criterion 2), which are each associated
with one crystal system (with spectific restrictions on the cell parameters).

è The other 25 groups have lower symmetry. In order to find the symmetry of their lattice, just add to the 
symmetry elements of the group those which are necessary to satisfy criteria 1 and 2.

11 – The 7 crystal systems

crystal symmetry ≤ lattice symmetry
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3A2

3M
4Ā3CĀ3

3A0
2

3M 0 C
3A4

3M
4Ā3

6A0
2

6M 0 C

The 11 laue classes do not define 11 distinct lattices (with 11 different cells), but only 7.

Ā1
A4

M
C

A4

M

2A0
2

2M 0
2A00

2

2M 00 C
A6

M
C

A6

M

3A0
2

3M 0
3A00

2

3M 00 CĀ3
A2

M
C

A2

M

A0
2

M 0
A00

2

M 00 C

any
parallele-
piped

paralle-
logram-
based
straight 
prism

rectangle-
based
straight 
prism
‘’shoe
box’’

rhombohedron squared-based
straight prism

1/3 of a hexagonal-
based straight prism

cube

Using criterion 2, we define 7 holohedries, leading to the  7 crystal systems.

11 – The 7 crystal systems



Table 2 – The 32 crystallographic point groups in their di↵erent notations, classified par crystal system.

Crystal system This course Hermann-Mauguin Schoenflies Group order
triclinic A1 1 C1 1

C 1̄ Ci ⌘ S2 2

monoclinic A2 2 C2 2

M⌘ Ā2 m C1h ⌘ Cs 2

A2

M
C 2/m C2h 4

orthorhombic A2 M0 M00 m m 2 C2v 4

A2 A0
2 A00

2 2 2 2 D2 4

A2

M

A0
2

M0
A00

2

M00 C m m m D2h 8

tetragonal A4 4 C4 4

Ā4 4̄ S4 4

A4 2M0 2M00 4 m m C4v 8

A4

M
C 4/m C4h 8

Ā4 2A0
2 2M00 4̄ 2 m (ou 4̄ m 2) D2d 8

A4 2A0
2 2A00

2 4 2 2 D4 8

A4

M

2A0
2

2M0
2A00

2

2M00 C 4/m m m D4h 16

trigonal A3 3 C3 3

Ā3 3̄ C3i ⌘ S6 6

A3 3M0 3 m C3v 6

A3 3A0
2 3 2 D3 6

Ā3
3A0

2

3M0 C 3̄ m D3d 12

hexagonal A6 6 C6 6

Ā6 6̄ C3h ⌘ S3 6

A6 3M0 3M00 6 m m C6v 12

A6

M
C 6/m C6h 12

Ā6 3A0
2 3M00 6̄ 2 m D3h 12

A6 3A0
2 3A00

2 6 2 2 D6 12

A6

M

3A0
2

3M0
3A00

2

3M00 C 6/m m m D6h 24

cubic 3A2 4A3 2 3 T 12

3A2

3M
4Ā3 C m 3̄ Th 24

3Ā4 4A3 6M0 4̄ 3 m Td 24

3A4 4A3 6A0
2 4 3 2 O 24

3A4

3M
4Ā3

6A0
2

6M0 C m 3̄ m Oh 48

2
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11 – The 7 crystal systems



Table 2 – The 32 crystallographic point groups in their di↵erent notations, classified par crystal system.

Crystal system This course Hermann-Mauguin Schoenflies Group order
triclinic A1 1 C1 1

C 1̄ Ci ⌘ S2 2

monoclinic A2 2 C2 2

M⌘ Ā2 m C1h ⌘ Cs 2

A2

M
C 2/m C2h 4

orthorhombic A2 M0 M00 m m 2 C2v 4

A2 A0
2 A00

2 2 2 2 D2 4

A2

M

A0
2

M0
A00

2

M00 C m m m D2h 8

tetragonal A4 4 C4 4

Ā4 4̄ S4 4

A4 2M0 2M00 4 m m C4v 8

A4

M
C 4/m C4h 8

Ā4 2A0
2 2M00 4̄ 2 m (ou 4̄ m 2) D2d 8

A4 2A0
2 2A00

2 4 2 2 D4 8

A4

M

2A0
2

2M0
2A00

2

2M00 C 4/m m m D4h 16

trigonal A3 3 C3 3

Ā3 3̄ C3i ⌘ S6 6

A3 3M0 3 m C3v 6

A3 3A0
2 3 2 D3 6

Ā3
3A0

2

3M0 C 3̄ m D3d 12

hexagonal A6 6 C6 6

Ā6 6̄ C3h ⌘ S3 6

A6 3M0 3M00 6 m m C6v 12

A6

M
C 6/m C6h 12

Ā6 3A0
2 3M00 6̄ 2 m D3h 12

A6 3A0
2 3A00

2 6 2 2 D6 12

A6

M

3A0
2

3M0
3A00

2

3M00 C 6/m m m D6h 24

cubic 3A2 4A3 2 3 T 12

3A2

3M
4Ā3 C m 3̄ Th 24

3Ā4 4A3 6M0 4̄ 3 m Td 24

3A4 4A3 6A0
2 4 3 2 O 24

3A4

3M
4Ā3

6A0
2

6M0 C m 3̄ m Oh 48

2
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11 – The 7 crystal systems
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13 – The 230 space-groups

1- Symmetry observation in natural crystals
2- Internal cause of the natural crystal shape

3 – Crystal lattice, cell, motif
4 – Lattice direction and planes
5 – Reciprocal lattice

6 – Crystal lattice & symmetries
7 – Conventional cell (unit cell)

10 – The 32 crystallographic point groups

8 – Stereographic projection
9 – Roto-inversions

11 – The 7 crystal systems
12 – The 14 Bravais lattices

6
m
mm

P6/mcc D2
6h 6/mmm Hexagonal

No. 192 P 6/m 2/c 2/c Patterson symmetry P6/mmm

Origin at centre (6/m) at 6/mcc

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
4 ; x ≤ (1 + y)/2; y ≤ min(1− x,x)

Vertices 0,0,0 1
2 ,0,0 2

3 ,
1
3 ,0

1
2 ,

1
2 ,0

0,0, 1
4

1
2 ,0, 1

4
2
3 ,

1
3 ,

1
4

1
2 ,

1
2 ,

1
4

Symmetry operations

(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z
(4) 2 0,0,z (5) 6− 0,0,z (6) 6+ 0,0,z
(7) 2 x,x, 1

4 (8) 2 x,0, 1
4 (9) 2 0,y, 1

4

(10) 2 x, x̄, 1
4 (11) 2 x,2x, 1

4 (12) 2 2x,x, 1
4

(13) 1̄ 0,0,0 (14) 3̄+ 0,0,z; 0,0,0 (15) 3̄− 0,0,z; 0,0,0
(16) m x,y,0 (17) 6̄− 0,0,z; 0,0,0 (18) 6̄+ 0,0,z; 0,0,0
(19) c x, x̄,z (20) c x,2x,z (21) c 2x,x,z
(22) c x,x,z (23) c x,0,z (24) c 0,y,z

Maximal non-isomorphic subgroups
I [2] P 6̄2c (190) 1; 2; 3; 7; 8; 9; 16; 17; 18; 22; 23; 24

[2] P 6̄c2 (188) 1; 2; 3; 10; 11; 12; 16; 17; 18; 19; 20; 21
[2] P6cc (184) 1; 2; 3; 4; 5; 6; 19; 20; 21; 22; 23; 24
[2] P622 (177) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12
[2] P6/m11 (P6/m, 175) 1; 2; 3; 4; 5; 6; 13; 14; 15; 16; 17; 18
[2] P 3̄c1 (165) 1; 2; 3; 7; 8; 9; 13; 14; 15; 19; 20; 21
[2] P 3̄1c (163) 1; 2; 3; 10; 11; 12; 13; 14; 15; 22; 23; 24{
[3] Pmcc (C ccm, 66) 1; 4; 7; 10; 13; 16; 19; 22
[3] Pmcc (C ccm, 66) 1; 4; 8; 11; 13; 16; 20; 23
[3] Pmcc (C ccm, 66) 1; 4; 9; 12; 13; 16; 21; 24

IIa none
IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] P6/mcc (c′ = 3c) (192); [3] H 6/mcc (a′ = 3a,b′ = 3b) (P6/mcc, 192)

Minimal non-isomorphic supergroups
I none
II [2] P6/mmm (c′ = 1

2 c) (191)

596

International Tables for Crystallography (2006). Vol. A, Space group 192, pp. 596–597.

Copyright  2006 International Union of Crystallography
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�a

�b

�c

�a0

�b0

�c 0

Conventional cell=unit cell (the cell chosen to define a crystal lattice): 
smallest volume with the same symmetry as the lattice
and defined by 3 basis-vectors a, b and c.

èWhen the most symmetric cell is the smallest,
the conventional cell is primitive.

è When the most symmetric is not the smallest, 
the conventional cell is a supercell (multiple cell).

ex: fcc cell

12 – The 14 Bravais lattices

1 Bravais lattice è 1 conventional cell = unit cell = holohedral cell
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Is it possible to add extra lattice points while conserving the lattice symmetry?

If yes, at which positions in the lattice?

• at the centre of the cell

• at the centre of the faces

• at the middle of the edges
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Translations Cell Lattice type Cell Multiplicity

simple or primitive P 1

centred on face A 2

centred on face B 2

centred on face C 2

all-faces centred F 4

body centred I 2

�a, �b, �c,
�a +�b

2
,

�b + �c

2
,

�a + �c

2

�a, �b, �c,
�a +�b + �c

2

�a, �b, �c,
�a +�b

2

�a, �b, �c,
�a + �c

2

�a, �b, �c,
�b + �c

2

�a, �b, �c

(�b, �c)

(�a, �c)

(�a, �b)

3D supercells

è 4 modes de réseau (i.e. 4 groupes de translations)

12 – The 14 Bravais lattices
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0

�a
�b

�c

0

�a
�b

�c

0

�a
�b

�c

0

�a
�b

�c

simple cell (lattice P) double cell (lattice I)

double cell (lattice C) quadruple  cell (lattice F)

12 – The 14 Bravais lattices 3D supercells
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12 – The 14 Bravais lattices

Bravais lattice: associates a crystal system with a lattice type

7 crystal systems
4 lattice types

28 possibilities? 

è only 14 Bravais lattices
holohedry

?

yes

Bravais lattice
with primitive cell

no

Bravais lattice
with supercell

Is the starting
in the new primitive cell

conserved
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tetragonal P ( tP )

tetragonal I ( tI )

Why does not the tetragonal C lattice exist?

è è It is equivalent to tetragonal P Bravais lattice

a

c

It is possible to define
a smaller tetragonal cell
with parameters
a’ = a / √2
c’ = c

12 – The 14 Bravais lattices



CGE 2024- Delphine Cabaret 134

cubic P (cP )

cubic I (cI )

cubic F (cF )

orthorhombic P (oP )

orthorhombic I ( oI )

orthorhombic with
centred base ( oS )

oA

orthorhombic F ( oF )

oB oC

12 – The 14 Bravais lattices
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triclinic P (aP )

« anortic »

monoclinic P (mP )

monoclinic
with double cell (mS )

mC mA mI

unique axis ~b
<latexit sha1_base64="ui3m8vZiJ/YwEt+LchrytgcU5Ww="></latexit><latexit sha1_base64="ui3m8vZiJ/YwEt+LchrytgcU5Ww="></latexit><latexit sha1_base64="ui3m8vZiJ/YwEt+LchrytgcU5Ww="></latexit><latexit sha1_base64="ui3m8vZiJ/YwEt+LchrytgcU5Ww="></latexit>

Il en reste 2… 

12 – The 14 Bravais lattices
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hexagonal system è one unique Bravais lattice hP

trigonal system 
rhombohedral cell

hexagonal cell è Bravais lattice hP

è Bravais lattice hR, which is also primitive3̄ m

but in pratice, hR lattice are commonly described using
a triple hexagonal cell

12 – The 14 Bravais lattices
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h P Bravais lattice

+

✓
2

3
,
1

3
,
1

3

◆

<latexit sha1_base64="cWzVbZhb9f69PflL609lBEuTsyc="></latexit><latexit sha1_base64="cWzVbZhb9f69PflL609lBEuTsyc="></latexit><latexit sha1_base64="cWzVbZhb9f69PflL609lBEuTsyc="></latexit><latexit sha1_base64="cWzVbZhb9f69PflL609lBEuTsyc="></latexit>

+

✓
1

3
,
2

3
,
2

3

◆

<latexit sha1_base64="wxqDMHnqXQTa7MkItkc/VPdEaGA="></latexit><latexit sha1_base64="wxqDMHnqXQTa7MkItkc/VPdEaGA="></latexit><latexit sha1_base64="wxqDMHnqXQTa7MkItkc/VPdEaGA="></latexit><latexit sha1_base64="wxqDMHnqXQTa7MkItkc/VPdEaGA="></latexit>

h R  Bravais lattice

12 – The 14 Bravais lattices
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13 – The 230 space-groups

1- Symmetry observation in natural crystals
2- Internal cause of the natural crystal shape

3 – Crystal lattice, cell, motif
4 – Lattice direction and planes
5 – Reciprocal lattice

6 – Crystal lattice & symmetries
7 – Conventional cell (unit cell)

10 – The 32 crystallographic point groups

8 – Stereographic projection
9 – Roto-inversions

11 – The 7 crystal systems
12 – The 14 Bravais lattices

6
m
mm

P6/mcc D2
6h 6/mmm Hexagonal

No. 192 P 6/m 2/c 2/c Patterson symmetry P6/mmm

Origin at centre (6/m) at 6/mcc

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
4 ; x ≤ (1 + y)/2; y ≤ min(1− x,x)

Vertices 0,0,0 1
2 ,0,0 2

3 ,
1
3 ,0

1
2 ,

1
2 ,0

0,0, 1
4

1
2 ,0, 1

4
2
3 ,

1
3 ,

1
4

1
2 ,

1
2 ,

1
4

Symmetry operations

(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z
(4) 2 0,0,z (5) 6− 0,0,z (6) 6+ 0,0,z
(7) 2 x,x, 1

4 (8) 2 x,0, 1
4 (9) 2 0,y, 1

4

(10) 2 x, x̄, 1
4 (11) 2 x,2x, 1

4 (12) 2 2x,x, 1
4

(13) 1̄ 0,0,0 (14) 3̄+ 0,0,z; 0,0,0 (15) 3̄− 0,0,z; 0,0,0
(16) m x,y,0 (17) 6̄− 0,0,z; 0,0,0 (18) 6̄+ 0,0,z; 0,0,0
(19) c x, x̄,z (20) c x,2x,z (21) c 2x,x,z
(22) c x,x,z (23) c x,0,z (24) c 0,y,z

Maximal non-isomorphic subgroups
I [2] P 6̄2c (190) 1; 2; 3; 7; 8; 9; 16; 17; 18; 22; 23; 24

[2] P 6̄c2 (188) 1; 2; 3; 10; 11; 12; 16; 17; 18; 19; 20; 21
[2] P6cc (184) 1; 2; 3; 4; 5; 6; 19; 20; 21; 22; 23; 24
[2] P622 (177) 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12
[2] P6/m11 (P6/m, 175) 1; 2; 3; 4; 5; 6; 13; 14; 15; 16; 17; 18
[2] P 3̄c1 (165) 1; 2; 3; 7; 8; 9; 13; 14; 15; 19; 20; 21
[2] P 3̄1c (163) 1; 2; 3; 10; 11; 12; 13; 14; 15; 22; 23; 24{
[3] Pmcc (C ccm, 66) 1; 4; 7; 10; 13; 16; 19; 22
[3] Pmcc (C ccm, 66) 1; 4; 8; 11; 13; 16; 20; 23
[3] Pmcc (C ccm, 66) 1; 4; 9; 12; 13; 16; 21; 24

IIa none
IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] P6/mcc (c′ = 3c) (192); [3] H 6/mcc (a′ = 3a,b′ = 3b) (P6/mcc, 192)

Minimal non-isomorphic supergroups
I none
II [2] P6/mmm (c′ = 1

2 c) (191)

596

International Tables for Crystallography (2006). Vol. A, Space group 192, pp. 596–597.

Copyright  2006 International Union of Crystallography
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Orientation symmetry è 32 crystallographic point groups
set of the symmetry operations that let invariant crystal morphology
and its physical properties

7 crystal systems (6 crystal families)

+ 4 lattice types 
(translation groups)

14 Bravais lattices

Position symmetry è the 230 space groups

set of the symmetry operations that let invariant the atomic structure

International Tables of Crystallography volume A

13 – Space groups
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The symmorphic groups (73) 

Association of the symmetry elements of the crystallographic point groups with the Bravais 
lattice translation groups: the generators are neither screw axes nor glide planes)

The non-symmorphic groups(157) 

Space groups whose generators are screw axes and/or glide planes.

ex : I b a 2, P 41, P 42 c m

Hermann-Mauguin symbols: Lattice-type letter (P, A, B, C, I, F, R) followed by 
the Hermann-Mauguin symbol of the crystallographic point group 

ex : P m m m, F m m m, P 4 m m, I 4 m m

CGE 2024- Delphine Cabaret

13 – Space groups



• The symmetry elements of the crystallographic point groups

• New symmetry elements resulting from products:

o à

o à

CGE 2024- Delphine Cabaret 141

Elements de position symmetry

An ⇥ ~t

m⇥ ~t

13 – Space groups

glide planes

screw axes 
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⇥ ~t

~t = ~c~t k mirrorcase 1:

~t ?mirrorcase 2:

~t oblique / mirrorcase 3: ~t = ~t? + ~tk

~t? ~tk& are not lattice translation

mirror plane m

~a

~b

~c

~t = ~a+~b
2

~t = ~b

13 – Space groups Position symmetry: mirror × lattice translation
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perpendicular to the screenm~t k mcase 1: withm⇥ ~t

any mirror plane       is infinitem

Any translation
has no effect on it

~t k m

~t

13 – Space groups Position symmetry: mirror × lattice translation
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mcase 2: withm⇥ ~t ~t ?

~t

✕ ✕✕ ✕

perpendicular to the screenm

~t

new mirror plane       at        from the first onem
~t

2

CGE 2024- Delphine Cabaret

13 – Space groups Position symmetry: mirror × lattice translation
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perpendicular to the screenmcase 3: with ~t oblique /m⇥ ~t m ~t

~t = ~t? + ~tk

~t?
~tk ~t?

~t = ~t? + ~tkDecomposition

where &       are the components s     &    to      

.

~t? ~tk ? m

✕
1’

✕
2’

✕ ✕
1 2

✕
1’’

✕
2’’

changes the nature
of the mirror obtained

by considering ,
but only if is not a lattice translation. 

~tk ~t?

~tk ~t?

~tk ~t?

glide plane

CGE 2024- Delphine Cabaret

13 – Space groups Position symmetry: mirror × lattice translation



• Mirror        combined with a translation      parallel to ~tk

• Symmetry element of order 2; associated operation noted

(      is not a lattice translation)~tk

m m

�
m,~tk

�

= identity
�
m,~tk

�2
=

�
2m, 2~tk

�
thus with = 0 or 12~tk = p~t p

~t = ~a ~tk =
~a

2
a

~t = ~b ~tk =
~b

2
b

~t = ~c ~tk =
~c

2
c

Axial glide planes

lattice translation glide symbol

CGE 2024- Delphine Cabaret 146

13 – Space groups Position symmetry: mirror × lattice translation
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Type of plane Symbol Translation
Representation

normal to the 
plane of the figure

parallel to the 
plane of the figure

mirror plane

axial glide plane
or or

diagonal glide plane

diamond-type glide plane

m 0

n

d

a b

c �c/2

�a/2 �b/2

(�a±�b)/2

(�a± �c)/2
(�b± �c)/2

(�a±�b)/4

(�a± �c)/4
(�b± �c)/4

CGE 2024- Delphine Cabaret

13 – Space groups Position symmetry: mirror × lattice translation
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The spacegroup symbol contains 2 glide planes c
that we can see on the schemes.

glide planes as space group generators

CGE 2024- Delphine Cabaret

13 – Space groups

Glide plane of type n are generated
by the lattice translation C :

perp. to [100]

è new glide plane n on 



CGE 2024- Delphine Cabaret 149

Anaxis ⇥ ~t

~t = ~c~t k axiscasse 1:

~t ?axiscase 2:

~t oblique / axiscase 3: ~t = ~a+~b+~c
2

~t = ~b

~a

~b

~c

~t = ~t? + ~tk

~t? ~tk&       are not lattice translations

Position symmetry: An × lattice translation13 – Space groups
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case 1: An ⇥ ~t with ~t k An

Any axis        is infiniteAn

has no effect on it~t

example :   
n = 4

~t

wether is a lattice translation or not~t

Position symmetry: An × lattice translation13 – Space groups
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case 2: ~t ? AnAn ⇥ ~t with

✕
✕

✕
✕

✕
✕

✕
✕

⇡/2⇡/2

⇡/2 ⇡/2

⇡/2⇡/2

⇡/2 ⇡/2

~t

example :   
n = 4

~t

Position symmetry: An × lattice translation13 – Space groups
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✕

✕
✕

✕
✕

✕
✕

1
✕2

4

2’

3

1’

4’
3’

~t1 1’   :

1 2’   :

1 3’   :

1 4’   :

A4

A4

A2

3⇡/2

⇡

~t

case 2: ~t ? AnAn ⇥ ~t with
example :   
n = 4

~t

CGE 2024- Delphine Cabaret

Position symmetry: An × lattice translation13 – Space groups
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case 2: ~t ? AnAn ⇥ ~t with
example :   
n = 4

~t

⇡/2

3⇡/2

~t⇡

bisecting plane perpendicular 
to the segment joining 

both A4

= representation

of cyclic group

A4

C4 = (a, a2, a3, e)

CGE 2024- Delphine Cabaret

Position symmetry: An × lattice translation13 – Space groups
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case 3: AnAn ⇥ ~t with ~t oblique /

✕
✕

✕
✕

z

z

z

z

✕
✕

✕
✕

z

z

z
z

~t?

~t ~tk ~t?
Taking into account~tk ~t?

+tǁ

+tǁ

+tǁ

+tǁ

è a component tǁ to z is added

example :   
n = 4

~t = ~t? + ~tk

screw axes

CGE 2024- Delphine Cabaret

Adding changes the nature
of axes       &       obtained

by considering ,
if is not

a lattice translation. 

~tk ~t?

~tk ~t?
A2A4

~tk ~t?
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case 2: ~t ? AnAn ⇥ ~t with

Cn = (a, a2, ..., an�1, e)

is a representation of cyclic group

such as

An

an = e

am =
✓

m
2⇡

n
| ~0

◆corresponding to operations

m = 1, ..., n� 1with

In the bisecting plane perpendicular to the 
segment joining axis       and its image 

by application of translation   , 
appear new rotation axes

~t
An

AnProjected in a plane perpendicular to   , 
these new rotation axes are located

in points of the bisecting plane
m

2⇡

n
from which the translation is seen under angle

Position symmetry: An × lattice translation

CGE 2024- Delphine Cabaret
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p = 3 ) ~tk = 3~c
n

p = 2 ) ~tk = 2~c
n

p = 1 ) ~tk = ~c
n

p = n�1 ) ~tk = (n�1)~c
n

…

p = 0 ) ~tk = ~0so ~tk =
p~c

n
where p = 0, ..., n�1

✓
2⇡

n
,~tk

◆n
=

�
2⇡, n~tk

�
= identity thus n~tk = p~c with an integerp

CGE 2024- Delphine Cabaret 156

13 – Space groups Position symmetry: screw axis

• Rotation axis         of order combined with translation     parallel to           An n ~tk An

• Associate operation noted

✓
2⇡

n
,~tk

◆

Question: In a crystal lattice such as              , 
which vectors are possible?~tk

An k ~c



Question: In a crystal lattice such as              , 
which vectors are possible?~tk

An k ~c

• Rotation axis         of order combined with translation     parallel toAn n ~tk An

• Associate operation noted

✓
2⇡

n
,~tk

◆

✓
2⇡

n
,~tk

◆n
=

�
2⇡, n~tk

�
= identity thus n~tk = p~c with an integerp

(     is not lattice translation)~tk

p = 3 ) ~tk = 3~c
n

p = 2 ) ~tk = 2~c
n

p = 1 ) ~tk = ~c
n

p = n�1 ) ~tk = (n�1)~c
n

…

p = 0 ) ~tk = ~0soit ~tk =
p~c

n
où p = 0, ..., n�1

An order 1 2 3 4 6
Translation

Hermann-
Mauguin symbol

Representation

�c

2
0 2�c

3
�c

3
0 0 �c

4
�2c

4
�3c

4
0 �3c

6
�4c

6
�5c

6
�2c

6
�c

6
0

1 2 21 31 323 4 41 42 43
636261 64 656
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Anaxis ⇥ ~t

~t k axiscase 1:

~t ?axiscase 2:

~t oblique / axiscase 3:

no effect

new rotation axes
in the bisecting plane perpendicular
to the segment joining axis and 
its image by application of~t

An

Change of the new axes 
nature 
if is not a lattice translation~tk

~t = ~t? + ~tk

CGE 2024- Delphine Cabaret
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Screw axes 21 are generated by 
the lattice translation I:

//[001]
Position symmetry: screw axis



✕ +
1

2

✕

~c

✕

✕
✕

¤

~c

π

π

~c ~tk
z

z+ 1/2

+1

π

CGE 2024- Delphine Cabaret 160

Screw axis 21 k ~c

in the plane of the screen normal to the plane of the screen



✕
✕

✕
✕

✕
✕

Screw axis 21 k ~c

~c
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case 2: ~t ? AnAn ⇥ ~t with
example :   
n = 4

~t

CGE 2024- Delphine Cabaret 162
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1st space group of point group C4

xyz
<latexit sha1_base64="hjtaciPfdFwpU5Loca7+kdf+ZBE="></latexit><latexit sha1_base64="hjtaciPfdFwpU5Loca7+kdf+ZBE="></latexit><latexit sha1_base64="hjtaciPfdFwpU5Loca7+kdf+ZBE="></latexit><latexit sha1_base64="hjtaciPfdFwpU5Loca7+kdf+ZBE="></latexit>

ȳxz
<latexit sha1_base64="AHUBSeVKchQ4zaK1bgi2dy20QCI="></latexit><latexit sha1_base64="AHUBSeVKchQ4zaK1bgi2dy20QCI="></latexit><latexit sha1_base64="AHUBSeVKchQ4zaK1bgi2dy20QCI="></latexit><latexit sha1_base64="AHUBSeVKchQ4zaK1bgi2dy20QCI="></latexit>

x̄ȳz
<latexit sha1_base64="iDbS+qhCkIlD5gHeWGsztZU23AM="></latexit><latexit sha1_base64="iDbS+qhCkIlD5gHeWGsztZU23AM="></latexit><latexit sha1_base64="iDbS+qhCkIlD5gHeWGsztZU23AM="></latexit><latexit sha1_base64="iDbS+qhCkIlD5gHeWGsztZU23AM="></latexit>

yx̄z
<latexit sha1_base64="0ICsNijoPeY+YFV6G9Rhs/m04HY="></latexit><latexit sha1_base64="0ICsNijoPeY+YFV6G9Rhs/m04HY="></latexit><latexit sha1_base64="0ICsNijoPeY+YFV6G9Rhs/m04HY="></latexit><latexit sha1_base64="0ICsNijoPeY+YFV6G9Rhs/m04HY="></latexit>

CGE 2024- Delphine Cabaret
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P 6

2⇡

3
⇡

⇡

3~a

~b

~b

example of 1-generator point group

CGE 2024- Delphine Cabaret
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P4 C1
4 4 Tetragonal

No. 75 P4 Patterson symmetry P4/m

Origin on 4

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 4+ 0,0,z (4) 4− 0,0,z

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

4 d 1 (1) x,y,z (2) x̄, ȳ,z (3) ȳ,x,z (4) y, x̄,z no conditions

Special:

2 c 2 . . 0, 1
2 ,z

1
2 ,0,z hkl : h + k = 2n

1 b 4 . . 1
2 ,

1
2 ,z no extra conditions

1 a 4 . . 0,0,z no extra conditions

Symmetry of special projections
Along [001] p4
a′ = a b′ = b
Origin at 0,0,z

Along [100] p1m1
a′ = b b′ = c
Origin at x,0,0

Along [110] p1m1
a′ = 1

2 (−a + b) b′ = c
Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P2 (3) 1; 2
IIa none
IIb [2] P42 (c′ = 2c) (77); [2] F 4 (a′ = 2a,b′ = 2b,c′ = 2c) (I 4, 79)

Maximal isomorphic subgroups of lowest index
IIc [2] P4 (c′ = 2c) (75); [2] C 4 (a′ = 2a,b′ = 2b) (P4, 75)

Minimal non-isomorphic supergroups
I [2] P4/m (83); [2] P4/n (85); [2] P422 (89); [2] P421 2 (90); [2] P4mm (99); [2] P4bm (100); [2] P4cc (103); [2] P4nc (104)
II [2] I 4 (79)

332

International Tables for Crystallography (2006). Vol. A, Space group 75, p. 332.

Copyright  2006 International Union of Crystallography

name (symbol) & number of the space group

Schönflies symbol
corresponding
point group

crystal system

origin choice
(drawings and positions)

CGE 2024- Delphine Cabaret

≢ motif
- The symmetry-independent part of the structure
- A rational fraction of the unit cell (related to the 
other part of the unit cell by space group 
symmetry operations)

13 – Space groups
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P4 C1
4 4 Tetragonal

No. 75 P4 Patterson symmetry P4/m

Origin on 4

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 4+ 0,0,z (4) 4− 0,0,z

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

4 d 1 (1) x,y,z (2) x̄, ȳ,z (3) ȳ,x,z (4) y, x̄,z no conditions

Special:

2 c 2 . . 0, 1
2 ,z

1
2 ,0,z hkl : h + k = 2n

1 b 4 . . 1
2 ,

1
2 ,z no extra conditions

1 a 4 . . 0,0,z no extra conditions

Symmetry of special projections
Along [001] p4
a′ = a b′ = b
Origin at 0,0,z

Along [100] p1m1
a′ = b b′ = c
Origin at x,0,0

Along [110] p1m1
a′ = 1

2 (−a + b) b′ = c
Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P2 (3) 1; 2
IIa none
IIb [2] P42 (c′ = 2c) (77); [2] F 4 (a′ = 2a,b′ = 2b,c′ = 2c) (I 4, 79)

Maximal isomorphic subgroups of lowest index
IIc [2] P4 (c′ = 2c) (75); [2] C 4 (a′ = 2a,b′ = 2b) (P4, 75)

Minimal non-isomorphic supergroups
I [2] P4/m (83); [2] P4/n (85); [2] P422 (89); [2] P421 2 (90); [2] P4mm (99); [2] P4bm (100); [2] P4cc (103); [2] P4nc (104)
II [2] I 4 (79)

332

International Tables for Crystallography (2006). Vol. A, Space group 75, p. 332.

Copyright  2006 International Union of Crystallography

P4 C1
4 4 Tetragonal

No. 75 P4 Patterson symmetry P4/m

Origin on 4

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1

Symmetry operations

(1) 1 (2) 2 0,0,z (3) 4+ 0,0,z (4) 4− 0,0,z

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

4 d 1 (1) x,y,z (2) x̄, ȳ,z (3) ȳ,x,z (4) y, x̄,z no conditions

Special:

2 c 2 . . 0, 1
2 ,z

1
2 ,0,z hkl : h + k = 2n

1 b 4 . . 1
2 ,

1
2 ,z no extra conditions

1 a 4 . . 0,0,z no extra conditions

Symmetry of special projections
Along [001] p4
a′ = a b′ = b
Origin at 0,0,z

Along [100] p1m1
a′ = b b′ = c
Origin at x,0,0

Along [110] p1m1
a′ = 1

2 (−a + b) b′ = c
Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] P2 (3) 1; 2
IIa none
IIb [2] P42 (c′ = 2c) (77); [2] F 4 (a′ = 2a,b′ = 2b,c′ = 2c) (I 4, 79)

Maximal isomorphic subgroups of lowest index
IIc [2] P4 (c′ = 2c) (75); [2] C 4 (a′ = 2a,b′ = 2b) (P4, 75)

Minimal non-isomorphic supergroups
I [2] P4/m (83); [2] P4/n (85); [2] P422 (89); [2] P421 2 (90); [2] P4mm (99); [2] P4bm (100); [2] P4cc (103); [2] P4nc (104)
II [2] I 4 (79)

332

International Tables for Crystallography (2006). Vol. A, Space group 75, p. 332.

Copyright  2006 International Union of Crystallography

point group of the site (sub-group of the crystal point group)

Wyckoff letter: identifies the atomic positions, in alphabetic order, 
from the most symmetric (bottom) to the general position without symmetry (top)

multiplicity: number of equivalent positions équivalentes within the unit cell for a given Wyckoff position

cf. diffraction cours 

CGE 2024- Delphine Cabaret
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I 4 C5
4 4 Tetragonal

No. 79 I 4 Patterson symmetry I 4/m

Origin on 4

Asymmetric unit 0 ≤ x ≤ 1
2 ; 0 ≤ y ≤ 1

2 ; 0 ≤ z ≤ 1
2

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 2 0,0,z (3) 4+ 0,0,z (4) 4− 0,0,z

For ( 1
2 ,

1
2 ,

1
2 )+ set

(1) t( 1
2 ,

1
2 ,

1
2 ) (2) 2(0,0, 1

2 ) 1
4 ,

1
4 ,z (3) 4+(0,0, 1

2 ) 0, 1
2 ,z (4) 4−(0,0, 1

2 ) 1
2 ,0,z

336

International Tables for Crystallography (2006). Vol. A, Space group 79, pp. 336–337.

Copyright  2006 International Union of Crystallography

CONTINUED No. 79 I 4

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,

1
2 ); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,

1
2 )+

Reflection conditions

General:

8 c 1 (1) x,y,z (2) x̄, ȳ,z (3) ȳ,x,z (4) y, x̄,z hkl : h + k + l = 2n
hk0 : h + k = 2n
0kl : k + l = 2n
hhl : l = 2n
00l : l = 2n
h00 : h = 2n

Special: as above, plus

4 b 2 . . 0, 1
2 ,z

1
2 ,0,z hkl : l = 2n

2 a 4 . . 0,0,z no extra conditions

Symmetry of special projections
Along [001] p4
a′ = 1

2(a−b) b′ = 1
2 (a + b)

Origin at 0,0,z

Along [100] c1m1
a′ = b b′ = c
Origin at x,0,0

Along [110] p1m1
a′ = 1

2 (−a + b) b′ = 1
2 c

Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] I 2 (C 2, 5) (1; 2)+
IIa [2] P42 (77) 1; 2; (3; 4) + ( 1

2 ,
1
2 ,

1
2)

[2] P4 (75) 1; 2; 3; 4
IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] I 4 (c′ = 3c) (79); [5] I 4 (a′ = a + 2b,b′ = −2a + b or a′ = a−2b,b′ = 2a + b) (79)

Minimal non-isomorphic supergroups
I [2] I 4/m (87); [2] I 422 (97); [2] I 4mm (107); [2] I 4cm (108)
II [2] C 4 (c′ = 1

2 c) (P4, 75)

337

CONTINUED No. 79 I 4

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 1
2 ,

1
2 ,

1
2 ); (2); (3)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 1
2 ,

1
2 ,

1
2 )+

Reflection conditions

General:

8 c 1 (1) x,y,z (2) x̄, ȳ,z (3) ȳ,x,z (4) y, x̄,z hkl : h + k + l = 2n
hk0 : h + k = 2n
0kl : k + l = 2n
hhl : l = 2n
00l : l = 2n
h00 : h = 2n

Special: as above, plus

4 b 2 . . 0, 1
2 ,z

1
2 ,0,z hkl : l = 2n

2 a 4 . . 0,0,z no extra conditions

Symmetry of special projections
Along [001] p4
a′ = 1

2(a−b) b′ = 1
2 (a + b)

Origin at 0,0,z

Along [100] c1m1
a′ = b b′ = c
Origin at x,0,0

Along [110] p1m1
a′ = 1

2 (−a + b) b′ = 1
2 c

Origin at x,x,0

Maximal non-isomorphic subgroups
I [2] I 2 (C 2, 5) (1; 2)+
IIa [2] P42 (77) 1; 2; (3; 4) + ( 1

2 ,
1
2 ,

1
2)

[2] P4 (75) 1; 2; 3; 4
IIb none

Maximal isomorphic subgroups of lowest index
IIc [3] I 4 (c′ = 3c) (79); [5] I 4 (a′ = a + 2b,b′ = −2a + b or a′ = a−2b,b′ = 2a + b) (79)

Minimal non-isomorphic supergroups
I [2] I 4/m (87); [2] I 422 (97); [2] I 4mm (107); [2] I 4cm (108)
II [2] C 4 (c′ = 1

2 c) (P4, 75)

337

CGE 2024- Delphine Cabaret

13 – Space groups



168

crystallographic point group 3

rhombohedral axes
à lattice R

space group: R 3 (n° 146)

hexagonal axes
à lattice P

space group: P 3 (n° 143)

CGE 2024- Delphine Cabaret

13 – Space groups comparison between space groups P3 & R3
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P3 C1
3 3 Trigonal

No. 143 P3 Patterson symmetry P 3̄

Origin on 3

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 2

3 ; 0 ≤ z ≤ 1; x ≤ (1 + y)/2; y ≤ min(1− x,(1 + x)/2)
Vertices 0,0,0 1

2 ,0,0 2
3 ,

1
3 ,0

1
3 ,

2
3 ,0 0, 1

2 ,0
0,0,1 1

2 ,0,1 2
3 ,

1
3 ,1

1
3 ,

2
3 ,1 0, 1

2 ,1

Symmetry operations

(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z

490

International Tables for Crystallography (2006). Vol. A, Space group 143, pp. 490–491.

Copyright  2006 International Union of Crystallography

CONTINUED No. 143 P3

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

3 d 1 (1) x,y,z (2) ȳ,x− y,z (3) x̄+ y, x̄,z no conditions

Special: no extra conditions

1 c 3 . . 2
3 ,

1
3 ,z

1 b 3 . . 1
3 ,

2
3 ,z

1 a 3 . . 0,0,z

Symmetry of special projections
Along [001] p3
a′ = a b′ = b
Origin at 0,0,z

Along [100] p1
a′ = 1

2(a + 2b) b′ = c
Origin at x,0,0

Along [210] p1
a′ = 1

2 b b′ = c
Origin at x, 1

2 x,0

Maximal non-isomorphic subgroups
I [3] P1 (1) 1
IIa none
IIb [3] P32 (c′ = 3c) (145); [3] P31 (c′ = 3c) (144); [3] R3 (a′ = a−b,b′ = a + 2b,c′ = 3c) (146);

[3] R3 (a′ = 2a + b,b′ = −a + b,c′ = 3c) (146)

Maximal isomorphic subgroups of lowest index
IIc [2] P3 (c′ = 2c) (143); [3] H 3 (a′ = 3a,b′ = 3b) (P3, 143)

Minimal non-isomorphic supergroups
I [2] P 3̄ (147); [2] P312 (149); [2] P321 (150); [2] P3m1 (156); [2] P31m (157); [2] P3c1 (158); [2] P31c (159); [2] P6 (168);

[2] P63 (173); [2] P 6̄ (174)
II [3] R3 (obverse) (146); [3] R3 (reverse) (146)

491

CGE 2024- Delphine Cabaret
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R3 C4
3 3 Trigonal

No. 146 R3 Patterson symmetry R 3̄

HEXAGONAL AXES

Origin on 3

Asymmetric unit 0 ≤ x ≤ 2
3 ; 0 ≤ y ≤ 2

3 ; 0 ≤ z ≤ 1
3 ; x ≤ (1 + y)/2; y ≤ min(1− x,(1 + x)/2)

Vertices 0,0,0 1
2 ,0,0 2

3 ,
1
3 ,0

1
3 ,

2
3 ,0 0, 1

2 ,0
0,0, 1

3
1
2 ,0, 1

3
2
3 ,

1
3 ,

1
3

1
3 ,

2
3 ,

1
3 0, 1

2 ,
1
3

Symmetry operations
For (0,0,0)+ set
(1) 1 (2) 3+ 0,0,z (3) 3− 0,0,z

For ( 2
3 ,

1
3 ,

1
3 )+ set

(1) t( 2
3 ,

1
3 ,

1
3 ) (2) 3+(0,0, 1

3) 1
3 ,

1
3 ,z (3) 3−(0,0, 1

3 ) 1
3 ,0,z

For ( 1
3 ,

2
3 ,

2
3 )+ set

(1) t( 1
3 ,

2
3 ,

2
3 ) (2) 3+(0,0, 2

3) 0, 1
3 ,z (3) 3−(0,0, 2

3 ) 1
3 ,

1
3 ,z

494

International Tables for Crystallography (2006). Vol. A, Space group 146, pp. 494–497.

Copyright  2006 International Union of Crystallography

CONTINUED No. 146 R3

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t( 2
3 ,

1
3 ,

1
3 ); (2)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ ( 2
3 ,

1
3 ,

1
3 )+ ( 1

3 ,
2
3 ,

2
3)+

Reflection conditions

General:

9 b 1 (1) x,y,z (2) ȳ,x− y,z (3) x̄+ y, x̄,z hkil : −h + k + l = 3n
hki0 : −h + k = 3n
hh2hl : l = 3n
hh̄0l : h + l = 3n
000l : l = 3n
hh̄00 : h = 3n

Special: no extra conditions

3 a 3 . 0,0,z

Symmetry of special projections
Along [001] p3
a′ = 1

3(2a + b) b′ = 1
3(−a + b)

Origin at 0,0,z

Along [100] p1
a′ = 1

2 (a + 2b) b′ = 1
3 (−a−2b+ c)

Origin at x,0,0

Along [210] p1
a′ = 1

2 b b′ = 1
3 c

Origin at x, 1
2 x,0

Maximal non-isomorphic subgroups
I [3] R1 (P1, 1) 1+
IIa [3] P32 (145) 1; 2 + ( 1

3 ,
2
3 ,

2
3); 3 + ( 2

3 ,
1
3 ,

1
3 )

[3] P31 (144) 1; 2 + ( 2
3 ,

1
3 ,

1
3); 3 + ( 1

3 ,
2
3 ,

2
3 )

[3] P3 (143) 1; 2; 3
IIb none

Maximal isomorphic subgroups of lowest index
IIc [2] R3 (a′ = −a,b′ = −b,c′ = 2c) (146); [4] R3 (a′ = −2a,b′ = −2b) (146)

Minimal non-isomorphic supergroups
I [2] R 3̄ (148); [2] R32 (155); [2] R3m (160); [2] R3c (161); [4] P23 (195); [4] F 23 (196); [4] I 23 (197); [4] P21 3 (198);

[4] I 21 3 (199)
II [3] P3 (a′ = 1

3 (2a + b),b′ = 1
3 (−a + b),c′ = 1

3 c) (143)

495

conventionnel setting
CGE 2024- Delphine Cabaret
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R3 C4
3 3 Trigonal

No. 146 R3 Patterson symmetry R 3̄

RHOMBOHEDRAL AXES

Origin on 3

Asymmetric unit 0 ≤ x ≤ 1; 0 ≤ y ≤ 1; 0 ≤ z ≤ 1; z ≤min(x,y)
Vertices 0,0,0 1,0,0 1,1,0 0,1,0 1,1,1

Symmetry operations

(1) 1 (2) 3+ x,x,x (3) 3− x,x,x

496

CONTINUED No. 146 R3

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); (2)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates Reflection conditions

General:

3 b 1 (1) x,y,z (2) z,x,y (3) y,z,x no conditions

Special: no extra conditions

1 a 3 . x,x,x

Symmetry of special projections
Along [111] p3
a′ = 1

3(2a−b− c) b′ = 1
3 (−a + 2b− c)

Origin at x,x,x

Along [11̄0] p1
a′ = 1

2 (a + b−2c) b′ = c
Origin at x, x̄,0

Along [21̄1̄] p1
a′ = 1

2(b− c) b′ = 1
3(a + b+ c)

Origin at 2x, x̄, x̄

Maximal non-isomorphic subgroups
I [3] R1 (P1, 1) 1
IIa none
IIb [3] P32 (a′ = a−b,b′ = b− c,c′ = a + b+ c) (145); [3] P31 (a′ = a−b,b′ = b− c,c′ = a + b+ c) (144);

[3] P3 (a′ = a−b,b′ = b− c,c′ = a + b+ c) (143)

Maximal isomorphic subgroups of lowest index
IIc [2] R3 (a′ = b+ c,b′ = a + c,c′ = a + b) (146); [4] R3 (a′ = −a + b+ c,b′ = a−b+ c,c′ = a + b− c) (146)

Minimal non-isomorphic supergroups
I [2] R 3̄ (148); [2] R32 (155); [2] R3m (160); [2] R3c (161); [4] P23 (195); [4] F 23 (196); [4] I 23 (197); [4] P21 3 (198);

[4] I 21 3 (199)
II [3] P3 (a′ = 1

3 (2a−b− c),b′ = 1
3(−a + 2b− c),c′ = 1

3 (a + b+ c)) (143)
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which exhibit D3d !or 3̄m" symmetry and build chains
aligned along the six twofold axis of the cubic structure.14

The number of equivalent octahedral sites in the unit cell is
four, denoted hereafter as sites A, B, C, and D, depending on
their direction of distortion, either #1̄11$, #111̄$, #111$, or
#11̄1$, respectively !Fig. 1 and Table. I". During the Al to Cr
substitution, the local D3d symmetry is retained and the re-
laxed Cr site remains centrosymmetric, which indicates the
absence of Cr 3d-4p mixing.15 Hence, the K pre-edge fea-
tures arise from pure electric quadrupole transitions !1s
→3d" but an experimental evidence of this is still lacking.
As the Cr site remains distorted in the same direction as for
the Al site, four equivalent relaxed sites are available for Cr.
Hence, the electric dipole and electric quadrupole absorption
cross sections, for a given single-crystal configuration, are
expected to be different for a Cr impurity located at sites A,

B, C, or D since their orientations with respect to the incident
beam are different.

In this paper, we compare the experimental angular de-
pendence of the Cr K pre-edge MgAl2O4:Cr3+ to those ob-
tained by theoretical calculations, combining a monoelec-
tronic approach based on density functional theory !DFT"
and multielectronic methods based on the ligand field multi-
plet !LFM" theory. The monoelectronic approach is usually
dedicated to the study of delocalized final states !e.g., the
calculation of K-edge spectra" but has also provided satisfac-
tory results for the study of Ti K pre-edge in TiO2 and
SrTiO3 !Refs. 16–19" and also for the study of Fe K pre-edge
in FeS2.20 The multielectronic approach, usually dedicated to
the study of localized final states !e.g., K pre-edge and L2,3
edges of 3d transition elements", has been successfully ap-
plied to the case of K pre-edge in several systems.21,22 Our
aim is to determine the factors !site distortion and electronic
interactions" prevailing at the angular dependence of Cr K
pre-edge in spinel and to provide a comparison between the
monoelectronic and multielectronic approaches. We also
present a powerful method, based on symmetry consider-
ations, to reduce the number of calculations needed to recon-
struct the angular dependence of the cubic crystal from that
of a single site. The paper is organized as follows. Section II
is dedicated to the experimental work, including the sample
description, the x-ray absorption measurements, and analy-
sis. Section III is devoted to the computational work, includ-
ing the theoretical framework !Sec. III A" and the details of
DFT calculations !Sec. III B 1" and of the multiplet calcula-
tions !Sec. III B 2". Results are presented in Sec. IV and
discussed in Sec. V.

II. EXPERIMENTS

A natural gem-quality red spinel single crystal from
Mogok !Burma", with composition
!Mg0.95Fe0.01"0.96!Al2.02Cr0.01"2.03O4, was investigated !for
details, see Ref. 15". The single crystal was cut along the
!110" plane !plotted in red on Fig. 1" and orientated accord-
ing to the Laue method.

Cr K-edge !5989 eV" XAS spectra were collected at room
temperature at beamline ID26 of the European Synchrotron
Radiation Facility !Grenoble, France".23 The energy of the
incident radiation was selected using a pair of He-cooled Si
crystals with !111" orientation. The spot size on the sample
was approximately 250!50 "m2. The orientated sample

FIG. 1. !Color online" Cubic cell of the spinel structure and
experimental setup. The four equivalent octahedral sites are labeled
according to the coordinates given in Table I. Site distortion has
been slightly exaggerated for clarity. The sample is cut along the
!110" plane !red" and rotated along the #110$ direction, while ε̂ and
k̂ are fixed in the laboratory system. The figure corresponds to the
experimental setup taken as starting point !#rot=0°". For this con-
figuration, the #001$ axis of the cube is in the vertical plane, per-
pendicular to ε̂= #010$ and k̂= #1̄00$.

TABLE I. Coordinates of Cr atom and direction of site distortion for the four equivalent substitutional
sites belonging to the rhombohedral unit cell. We also give the coordinates of the 12 other sites obtained from
the previous by the three translations of the fcc lattice !see text and Fig. 1".

Site
identification

Direction of
site distortion

Cr coordinates
in rhombohedral unit cell

Cr coordinates
in cubic cell

A #1̄11$ ! 1
2 , 1

4 , 1
4 " ! 1

2 , 3
4 , 3

4 ", !0, 3
4 , 1

4 ", !0, 1
4 , 3

4 "

B #111̄$ ! 1
4 , 1

4 , 1
2 " ! 3

4 , 3
4 , 1

2 ", ! 1
4 , 3

4 ,0", ! 3
4 , 1

4 ,0"
C #111$ ! 1

2 , 1
2 , 1

2 " !0,0 , 1
2 ", !0, 1

2 ,0", ! 1
2 ,0 ,0"

D #11̄1$ ! 1
4 , 1

2 , 1
4 " ! 3

4 , 1
2 , 3

4 ", ! 1
4 ,0 , 3

4 ", ! 3
4 ,0 , 1

4 "
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pre-edge and provides a clear vision of the assignment of the 1s→3d transitions. However, DFT is unable to
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by LFM calculations. The most relevant factors determining the dichroism of Cr K pre-edge are identified as
the site distortion and 3d-3d electronic repulsion. From this combined DFT, LFM approach is concluded that
when the pre-edge features are more intense than 4% of the edge jump, pure quadrupole transitions cannot
explain alone the origin of the pre-edge. Finally, the shape of the dichroic signal is more sensitive than the
isotropic spectrum to the trigonal distortion of the substitutional site. This suggests the possibility to obtain
quantitative information on site distortion from the x-ray linear dichroism by performing angular dependent
measurements on single crystals.
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I. INTRODUCTION

Transition metal elements play an essential role in physics
!magnetic materials, superconductors, etc.", coordination
chemistry !catalysis and metalloproteins", or geophysics !3d
elements are major constituents of the Earth and planets". To
understand the properties that transition elements impart to
the materials they are inserted in, x-ray absorption near-edge
structure !XANES" spectroscopy has been widely used since
it provides unique information on their local surrounding and
electronic structure. In particular, the position and intensity
of the localized transitions observed at the K pre-edge !1s
→3d transitions" are sensitive to the cation oxidation state,
the geometry of its environment !coordination number and
symmetry", and the degree of admixture between p and d
orbitals. For example, the shape and area of the pre-edge are
commonly used to quantify the redox states of transition el-
ements in crystals, glasses, and coordination complexes by
comparison to those recorded on reference compounds.1–3

However, it is not straightforward to obtain this kind of in-
formation on single crystals. Indeed, it is well known that the
XANES spectra of noncubic crystals show an angular depen-
dence when the polarization and the direction of the incident
x-ray beam !here, designated as unit vectors, ε̂ and k̂, re-
spectively" are varied. For cubic crystals, the problem may
seem at first sight more simple. Electric dipole transitions
!e.g., 1s→p transitions" are isotropic. They contribute
mainly not only to the edge but also to the pre-edge if one of
the three following situations is encountered: !i" there is p-d
intrasite hybridization !e.g., the crystallographic site does not
show an inversion center", !ii" the thermally activated vibra-
tions remove the inversion center, and !iii" there is p-d inter-

site hybridization !in samples highly concentrated in the in-
vestigated element". Electric quadrupole transitions are
anisotropic and the cubic crystal thus shows an angular de-
pendence. The information carried by the pre-edge features
can be derived for cubic crystals by taking advantage of this
angular dependence. In particular, the respective proportion
of electric dipole and electric quadrupole transitions in the
pre-edge can be derived by measuring XANES spectra for
various known orientations !ε̂ , k̂" of the incident beam.4 In
addition, the symmetry of the crystallographic sites, which
host the investigated element, is often a subgroup of the cu-
bic group. The number of equivalent sites is given by the
ratio of the multiplicity of the space group and the multiplic-
ity of the point group. The XANES spectrum of the cubic
crystal is thus the average over the equivalent sites of the
individual site spectra. Hence, the derivation of structural
and electronic information for a single site is not straightfor-
ward, which makes the use of group theory and theoretical
computations mandatory.

Among cubic oxides, spinels have attracted considerable
interest for their optical, electronic, mechanical, and mag-
netic properties.5–7 In the Earth’s interior, the formation of
silicate spinels has major geophysical implications.8 More
specifically, MgAl2O4 spinels are used in a broad range of
applications, including optically transparent materials, cata-
lyst supports, nuclear waste management, and cement
castables.9–12 Cr3+ often substitutes for Al3+ in MgAl2O4,
which causes a red color and makes natural Cr spinels valu-
able gemstones. Cr3+ is intentionally added to high-
temperature refractory materials to improve their thermal and
mechanical properties.13 In MgAl2O4 spinel !Fd3̄m space-
group symmetry", Al3+ cations occur at octahedral sites,
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I. INTRODUCTION

Transition metal elements play an essential role in physics
!magnetic materials, superconductors, etc.", coordination
chemistry !catalysis and metalloproteins", or geophysics !3d
elements are major constituents of the Earth and planets". To
understand the properties that transition elements impart to
the materials they are inserted in, x-ray absorption near-edge
structure !XANES" spectroscopy has been widely used since
it provides unique information on their local surrounding and
electronic structure. In particular, the position and intensity
of the localized transitions observed at the K pre-edge !1s
→3d transitions" are sensitive to the cation oxidation state,
the geometry of its environment !coordination number and
symmetry", and the degree of admixture between p and d
orbitals. For example, the shape and area of the pre-edge are
commonly used to quantify the redox states of transition el-
ements in crystals, glasses, and coordination complexes by
comparison to those recorded on reference compounds.1–3

However, it is not straightforward to obtain this kind of in-
formation on single crystals. Indeed, it is well known that the
XANES spectra of noncubic crystals show an angular depen-
dence when the polarization and the direction of the incident
x-ray beam !here, designated as unit vectors, ε̂ and k̂, re-
spectively" are varied. For cubic crystals, the problem may
seem at first sight more simple. Electric dipole transitions
!e.g., 1s→p transitions" are isotropic. They contribute
mainly not only to the edge but also to the pre-edge if one of
the three following situations is encountered: !i" there is p-d
intrasite hybridization !e.g., the crystallographic site does not
show an inversion center", !ii" the thermally activated vibra-
tions remove the inversion center, and !iii" there is p-d inter-

site hybridization !in samples highly concentrated in the in-
vestigated element". Electric quadrupole transitions are
anisotropic and the cubic crystal thus shows an angular de-
pendence. The information carried by the pre-edge features
can be derived for cubic crystals by taking advantage of this
angular dependence. In particular, the respective proportion
of electric dipole and electric quadrupole transitions in the
pre-edge can be derived by measuring XANES spectra for
various known orientations !ε̂ , k̂" of the incident beam.4 In
addition, the symmetry of the crystallographic sites, which
host the investigated element, is often a subgroup of the cu-
bic group. The number of equivalent sites is given by the
ratio of the multiplicity of the space group and the multiplic-
ity of the point group. The XANES spectrum of the cubic
crystal is thus the average over the equivalent sites of the
individual site spectra. Hence, the derivation of structural
and electronic information for a single site is not straightfor-
ward, which makes the use of group theory and theoretical
computations mandatory.

Among cubic oxides, spinels have attracted considerable
interest for their optical, electronic, mechanical, and mag-
netic properties.5–7 In the Earth’s interior, the formation of
silicate spinels has major geophysical implications.8 More
specifically, MgAl2O4 spinels are used in a broad range of
applications, including optically transparent materials, cata-
lyst supports, nuclear waste management, and cement
castables.9–12 Cr3+ often substitutes for Al3+ in MgAl2O4,
which causes a red color and makes natural Cr spinels valu-
able gemstones. Cr3+ is intentionally added to high-
temperature refractory materials to improve their thermal and
mechanical properties.13 In MgAl2O4 spinel !Fd3̄m space-
group symmetry", Al3+ cations occur at octahedral sites,
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F d 3̄m O7
h m 3̄m Cubic

No. 227 F 41/d 3̄ 2/m Patterson symmetry F m 3̄m

ORIGIN CHOICE 2

Origin at centre (3̄m), at 1
8 ,

1
8 ,

1
8 from 4̄3m

Asymmetric unit − 1
8 ≤ x ≤ 3

8 ; − 1
8 ≤ y ≤ 0; − 1

4 ≤ z ≤ 0; y ≤ min( 1
4 − x,x); −y− 1

4 ≤ z ≤ y
Vertices − 1

8 ,− 1
8 ,− 1

8
3
8 ,− 1

8 ,− 1
8

1
4 ,0,0 0,0,0 1

4 ,0,− 1
4 0,0,− 1

4

Symmetry operations
(given on page 703)

700

CONTINUED No. 227 F d 3̄m

Generators selected (1); t(1,0,0); t(0,1,0); t(0,0,1); t(0, 1
2 ,

1
2 ); t( 1

2 ,0, 1
2 ); (2); (3); (5); (13); (25)

Positions
Multiplicity,
Wyckoff letter,
Site symmetry

Coordinates

(0,0,0)+ (0, 1
2 ,

1
2)+ ( 1

2 ,0, 1
2 )+ ( 1

2 ,
1
2 ,0)+

Reflection conditions

h,k, l permutable
General:

192 i 1 (1) x,y,z (2) x̄ + 3
4 , ȳ + 1

4 ,z+ 1
2 (3) x̄ + 1

4 ,y + 1
2 , z̄+ 3

4 (4) x + 1
2 , ȳ+ 3

4 , z̄+ 1
4

(5) z,x,y (6) z+ 1
2 , x̄ + 3

4 , ȳ + 1
4 (7) z̄+ 3

4 , x̄ + 1
4 ,y + 1

2 (8) z̄+ 1
4 ,x + 1

2 , ȳ+ 3
4

(9) y,z,x (10) ȳ+ 1
4 ,z+ 1

2 , x̄ + 3
4 (11) y + 1

2 , z̄+ 3
4 , x̄ + 1

4 (12) ȳ+ 3
4 , z̄+ 1

4 ,x + 1
2

(13) y + 3
4 ,x + 1

4 , z̄+ 1
2 (14) ȳ, x̄, z̄ (15) y + 1

4 , x̄ + 1
2 ,z+ 3

4 (16) ȳ+ 1
2 ,x + 3

4 ,z+ 1
4

(17) x + 3
4 ,z+ 1

4 , ȳ+ 1
2 (18) x̄ + 1

2 ,z+ 3
4 ,y + 1

4 (19) x̄, z̄, ȳ (20) x + 1
4 , z̄+ 1

2 ,y + 3
4

(21) z+ 3
4 ,y + 1

4 , x̄ + 1
2 (22) z+ 1

4 , ȳ + 1
2 ,x + 3

4 (23) z̄+ 1
2 ,y + 3

4 ,x + 1
4 (24) z̄, ȳ, x̄

(25) x̄, ȳ, z̄ (26) x + 1
4 ,y + 3

4 , z̄+ 1
2 (27) x + 3

4 , ȳ+ 1
2 ,z+ 1

4 (28) x̄+ 1
2 ,y + 1

4 ,z+ 3
4

(29) z̄, x̄, ȳ (30) z̄+ 1
2 ,x + 1

4 ,y + 3
4 (31) z+ 1

4 ,x + 3
4 , ȳ + 1

2 (32) z+ 3
4 , x̄ + 1

2 ,y + 1
4

(33) ȳ, z̄, x̄ (34) y + 3
4 , z̄+ 1

2 ,x + 1
4 (35) ȳ + 1

2 ,z+ 1
4 ,x + 3

4 (36) y + 1
4 ,z+ 3

4 , x̄ + 1
2

(37) ȳ+ 1
4 , x̄ + 3

4 ,z+ 1
2 (38) y,x,z (39) ȳ + 3

4 ,x + 1
2 , z̄+ 1

4 (40) y + 1
2 , x̄+ 1

4 , z̄+ 3
4

(41) x̄+ 1
4 , z̄+ 3

4 ,y + 1
2 (42) x + 1

2 , z̄+ 1
4 , ȳ + 3

4 (43) x,z,y (44) x̄+ 3
4 ,z+ 1

2 , ȳ+ 1
4

(45) z̄+ 1
4 , ȳ + 3

4 ,x + 1
2 (46) z̄+ 3

4 ,y + 1
2 , x̄ + 1

4 (47) z+ 1
2 , ȳ+ 1

4 , x̄ + 3
4 (48) z,y,x

hkl : h + k = 2n and
h + l,k + l = 2n

0kl : k + l = 4n and
k, l = 2n

hhl : h + l = 2n
h00 : h = 4n

Special: as above, plus

96 h . . 2 0,y, ȳ 3
4 , ȳ+ 1

4 , ȳ + 1
2

1
4 ,y + 1

2 ,y + 3
4

1
2 , ȳ + 3

4 ,y + 1
4

ȳ,0,y ȳ + 1
2 ,

3
4 , ȳ + 1

4 y + 3
4 ,

1
4 ,y + 1

2 y + 1
4 ,

1
2 , ȳ + 3

4

y, ȳ,0 ȳ + 1
4 , ȳ + 1

2 ,
3
4 y + 1

2 ,y + 3
4 ,

1
4 ȳ + 3

4 ,y + 1
4 ,

1
2

0, ȳ,y 1
4 ,y + 3

4 ,y + 1
2

3
4 , ȳ + 1

2 , ȳ + 1
4

1
2 ,y + 1

4 , ȳ + 3
4

y,0, ȳ y + 1
2 ,

1
4 ,y + 3

4 ȳ + 1
4 ,

3
4 , ȳ + 1

2 ȳ + 3
4 ,

1
2 ,y + 1

4

ȳ,y,0 y + 3
4 ,y + 1

2 ,
1
4 ȳ + 1

2 , ȳ + 1
4 ,

3
4 y + 1

4 , ȳ + 3
4 ,

1
2

no extra conditions

96 g . . m x,x,z x̄ + 3
4 , x̄+ 1

4 ,z+ 1
2 x̄+ 1

4 ,x + 1
2 , z̄+ 3

4 x + 1
2 , x̄ + 3

4 , z̄+ 1
4

z,x,x z+ 1
2 , x̄ + 3

4 , x̄ + 1
4 z̄+ 3

4 , x̄ + 1
4 ,x + 1

2 z̄+ 1
4 ,x + 1

2 , x̄ + 3
4

x,z,x x̄ + 1
4 ,z+ 1

2 , x̄ + 3
4 x + 1

2 , z̄+ 3
4 , x̄ + 1

4 x̄ + 3
4 , z̄+ 1

4 ,x + 1
2

x + 3
4 ,x + 1

4 , z̄+ 1
2 x̄, x̄, z̄ x + 1

4 , x̄ + 1
2 ,z+ 3

4 x̄ + 1
2 ,x + 3

4 ,z+ 1
4

x + 3
4 ,z+ 1

4 , x̄ + 1
2 x̄ + 1

2 ,z+ 3
4 ,x + 1

4 x̄, z̄, x̄ x + 1
4 , z̄+ 1

2 ,x + 3
4

z+ 3
4 ,x + 1

4 , x̄ + 1
2 z+ 1

4 , x̄ + 1
2 ,x + 3

4 z̄+ 1
2 ,x + 3

4 ,x + 1
4 z̄, x̄, x̄

no extra conditions

48 f 2 . mm x, 1
8 ,

1
8 x̄+ 3

4 ,
1
8 ,

5
8

1
8 ,x,

1
8

5
8 , x̄ + 3

4 ,
1
8

1
8 ,

1
8 ,x

1
8 ,

5
8 , x̄ + 3

4
7
8 ,x + 1

4 ,
3
8

7
8 , x̄,

7
8 x + 3

4 ,
3
8 ,

3
8 x̄ + 1

2 ,
7
8 ,

3
8

7
8 ,

3
8 , x̄ + 1

2
3
8 ,

3
8 ,x + 3

4

hkl : h = 2n + 1
or h + k + l = 4n

32 e . 3 m x,x,x x̄ + 3
4 , x̄ + 1

4 ,x + 1
2

x̄+ 1
4 ,x + 1

2 , x̄ + 3
4 x + 1

2 , x̄ + 3
4 , x̄ + 1

4

x + 3
4 ,x + 1

4 , x̄ + 1
2 x̄, x̄, x̄

x + 1
4 , x̄ + 1

2 ,x + 3
4 x̄ + 1

2 ,x + 3
4 ,x + 1

4

no extra conditions

16 d . 3̄ m 1
2 ,

1
2 ,

1
2

1
4 ,

3
4 ,0

3
4 ,0, 1

4 0, 1
4 ,

3
4

16 c . 3̄ m 0,0,0 3
4 ,

1
4 ,

1
2

1
4 ,

1
2 ,

3
4

1
2 ,

3
4 ,

1
4

}
hkl : h = 2n + 1

or h,k, l = 4n + 2
or h,k, l = 4n

8 b 4̄ 3 m 3
8 ,

3
8 ,

3
8

1
8 ,

5
8 ,

1
8

8 a 4̄ 3 m 1
8 ,

1
8 ,

1
8

7
8 ,

3
8 ,

3
8

}
hkl : h = 2n + 1

or h + k + l = 4n

Symmetry of special projections
Along [001] p4mm
a′ = 1

4(a−b) b′ = 1
4 (a + b)

Origin at 1
8 ,

3
8 ,z

Along [111] p6mm
a′ = 1

6 (2a−b− c) b′ = 1
6 (−a + 2b− c)

Origin at x,x,x

Along [110] c2mm
a′ = 1

2(−a + b) b′ = c
Origin at x,x,0

701

2 possible choices for the origin : the 2nd, when it exists, 
corresponds to the position of inversion center

13 – Space groups

Extract of the space-group table of spinel
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To take a fresh look at all these concepts…

CGE 2024- Delphine Cabaret
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Cours en ligne SYMCRIS : Ensemble de 24 vidéos (dont 6 en cours de finalisation) sur YouTube (ou moodle SU)

CGE 2024- Delphine Cabaret

To take a fresh look at all these concepts…


